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Name: &M%
Day 1. Zoology of Functions (based on Sections 1.1, 1.2, 1.3)

Learning Objectives
e Understand and recognise the four representations of a function: formula, table, graph, and description.
o Identify parent functions including Linear, Power, Polynomial, Rational, and Trigonometric.

e Apply vertical and horizontal transformations to existing functions.

What is a function?

o swle me;&vwﬂvmdiﬁm,owz,mm@m
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x#0 3: I: - \/ij )
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domain = (}O‘CQ{,QHM 0'6 Va!ﬁol ""?W,'S range = Vaﬁm{, 9{,«}?“15

Representing Functions. There are four ways to represent a function:

Analytically (formula) Verbally (description)
Toko Hhe inpid 1, gyt A

F(2) = 2+
v mlaouomiédd’% nwéfut

d

Numerically (tabular) Graphically
_ oF y
x| Y :Z + | s - e
-1 | ¢1)+l=2
o [(0)+1=]
Ll )e =2 "
2 |(2)+1=5
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How can we tell when something is not a function?

T6 an i,\f(,d; A MMPJHPIC MJPMB .

V,é,uaﬂa, ‘||7 He twave {m

He vurhed line fegb

VAN

Problem 1. Use the graph of the function g to answer the following questions.

Recall: a hole means a function is not defined at that point, while a filled-in point means a function is defined at that point.

(a) State the values of g(—2),g(0),g9(2) and g(3).

Jra)=l, go=-2, 4(n=1, g(5)=1.

(b) For what x value(s)is g(x) =3?

% A= 2|

\\ 3 {,i\\g _
-3 0 / 3 X

(c) For what x value(s) is g (x) < 2?

[-24,23 U [2.2,4])

(d) Onwhatinterval(s) is g increasing?
[0,2]

Parent Functions I.

Linear Functions I. Slope-Intercept Form

———3

> |
K
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Example A. Find the equation of the line whose graph is given below:

y
A = 60 - 6 __
) ne Y ot
\\(,.6)
(X b= ¢
ALY
bl " ]
: \\w’ ) Buaken 4 = 3%+ 6
Aw\
\N

Linear Functions II. Point-Slope Form

The equation of a line if you already know, or can compute, its jl@f)@ m and a_fm'/li (X,,J,)
y=d = m(r-%)

Example B. Find the equation of the line passing through the points (1,4) and (3, 8).

m= Ag/m g4 =2("")/ gt =2(x-3)
y-4 =212 g8 =2ax-6
= 2_—__4,_552 ) g:a'll'l'o'l
TR g ==t
Power Functions. , X'B 5
3:11 bman: (-©, o) X I
y—,g} domown 1 (- o0, 00) Ij‘f_;(
\\XJ>O'I
J = = 2> dowain: (0, 0m) x
Yotk
funckiens 59}([;1‘13 drmain, : (~0, o)
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Polynomial Functions.

y = 7@'5“6

phypanial o dag. 2 pY
5{: 1@-—4%?/—11'4

fﬁ\amrwuﬂugfth

lirear fonckions 7 y= 2 -5t6

RN
\/

denawy

[’m/"o)

J

Rational Functions.

y

_\ »

X

3

X

I
in 4
sin /(‘057(,

R

les x :l:o : A :f' ’\:Tr +:2[[_, n=--., _2I_|IOII|21"'

= 1
Doman, : 2 #0 X=t
) s (x-z)(ﬁ-l-z):i:O”"‘? XF 2
~> (-e0,0) VU (D,
(-0, 0) VU (0,00 —5 (~o0,-2) U (-2,2)V (2,)
Trigonometric Functions.
Period Domain Range y
i) | ar | o) ELD XN /] /7
s(2) | &1 | ()| [LI] Y \></
fan (0] T (-o0.0)
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Problem 2. On a certain highway, the maximum allowed speed is 65 mph, and the minimum allowed speed is 40 mph.
The fine for violating these limits is $15 for every mile per hour above the maximum speed or below the minimum speed.

(a) Draw a graph of the fine F as a function F(x) of the speed x for 0 < x < 100.

(0, 600)
(100, 525)
4&?6:—!5 —t q}d’ofcﬁ‘S
4p 65 100

(b) Express the fine F as a function F(x) of the speed x for 0 < x < 100.

~15 (2- ko) 0< 2 <40
0 4o £ €445
15(1-49) 65< 2 £ 100

Fln =

(c) Suppose that there is a minimum fine of $100 for any traffic violation. How would answers to the previous questions
change?

600
(w0, 525)
T Jearg t+ 49
b + &vu fo write fuo
L, . . as 0 Pecowise
too 4o 65 s 100 Funckon. -
b >

Transformations of Functions

Given a function y = f(x), we may transform the function by scaling or shifting the input or output.
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Vertical: Shifts & Stretches.
Suppose ¢ > 0. To obtain the graph of

e y = f(x) + ¢, shift the graph of y = f(x) a distance c units upward

e y = f(x) — ¢, shift the graph of y = f(x) a distance ¢ units downward

Suppose ¢ > 1. To obtain the graph of
e y = cf(x), stretch the graph of y = f(x) vertically by a factor of ¢

1
o y= Ef(x), shrink the graph of y = f(x) vertically by a factor of c

Example C. Consider the function f(x) = vx. Let us sketch 2f(x) = 2vx and f(x) =2 = vx — 2.

y y 5
y=vx pallth
- //
B (0,0) IOIO, //%
X X
1 [(u,0)
o 1)
i
Horizontal: Shifts & Stretches.
Suppose ¢ > 0. To obtain the graph of
e y = f(x — ¢), shift the graph of y = f(x) a distance c units to the right
e y = f(x + ¢), shift the graph of y = f(x) a distance c units to the left
Suppose ¢ > 1. To obtain the graph of
o y= f()z() stretch the graph of y = f(x) horizontally by a factor of ¢
e y = f(cx), shrink the graph of y = f(x) horizontally by a factor of ¢
Example D. Consider the function f(x) = vx. Let us sketch f(2x) = V2x and f(x — 2) = Vx — 2.
y y
y= ‘/)_( \ ///9
42| = LF) P
— // ) // (é’ll)
(0,0) i
X X
Vv Vv
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Reflections. To obtain the graph of
e y =—f(x), reflect the graph of y = f(x) about the x-axis

e y = f(—x), reflect the graph of y = f(x) about the y-axis

Example E. Consider the function f(x) = vx. Let us sketch f(—x) = v—x and —f(x) = —vXx.

y y
y= \/)? \
(4) 2) //% 6\\ - l"I ,-)
_ ol I~ .
(0,0) Y (010
X X
\\‘ .
L1l o\ 7
=)
Problem 3. The graph of the original function f is given in blue (and marked as f).
Match each of the following transformations of f to its graph.
1
@ y=f(x-4) (b) y=f(x)+3 (€ y=35f00 d y=-f(x+4) (€) y=2f(x+6)

® ® @ ® 3
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Even and Odd Functions

Even and Odd Functions. Even and odd functions are functions with some nice symmetry.

f(-x) = {(x)

Even functions have symmetry about the (7 - axIs

e Afunction f is even if

e Afunction f is odd if
F-n) = - f(3)

Even functions have symmetry about the m—%m,

Example F.

Even Functions 0Odd Functions

- ot ke X.?,
3 X NN Frwe)\A 3 OJOQFDWM
g= §rt
3; LeS A, y; Ant
y y
g x
X 13
Y

Yn

¥4
\/0}5 (1) \/,ﬁnﬁ)
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Name: @Wwdq

Day 2. Exponential, Composition& Logarithms (based on Sections 1.3, 1.4, 1.5)
Learning Objectives

e Combine functions through composition.
o Identify and examine inverse functions.

e Master the rules of exponents and logarithms.

Parent Functions II.

Exponential Functions. For such functions the independent variable is in the exponent.
7 8
{(x) = a

0
a > O is the base. Recall that we always have: @ = |

Domain of exponential functions: (- oo, oo) Range of exponential functions: (0, °°)
Example A.
. f00 =3 900 = (%) . ,
\ N
) %) 1
-2 |3t = Yprey (V) = 3= 9 ( 3
-1 3" = \/3 (\/3)—' - 3 q
° 0
o |¥ =| (Ja) = | 3
. ] Vq Y3
Loy =3 (B) = %2 f
¢ . . . - X
2 |3 =9 ()" = Vo> = ¥ -2 -1 o v 2

Remark. If the base a is such that:

e g > 1, then we have exponential f{sw'w\, e 0 < a < 1, then we have exponential szl

Example B. The table below shows the estimated population over time for a bacteria culture of Giardia lamblia.

Time (hours) 0 4 8 12 16 20 24
Bacteria count (CFU/mL) | 37 | 47 | 63 | 78 | 105 | 130 | 173

(a) Enter the data into Desmos and create a scatter plot. (Desmos) ko'r what, T w0
(b) Find an exponential curve f(t) = a - bt that fits the data well. 7 _F[.t) =) 51’

£(t) = 3%. (1.06)° =34

(c) Use part (b) to estimate how long it takes for the bacteria population to double. = ll.‘i howrs
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Exponent Rules. Examples.

o« gtV = a:‘. aa o« 3t = 25_ 2 = %a=16
e ¥V = £ 277 = -j': e 2475 = z:l

) 25
o (a¥)Y - axa ° (23)4 = Q‘L

Vi N §)

o a = 6[,\/)‘ o 223 = (2.2-) > = 4 = }J_L:
o (ab) = a’Y\ bﬁ « (2:3)* = ;{L\ ) 3L|

Problem 1. Algebraic manipulation of exponents is fundamental to working with exponential functions. Use exponent

rules to simplify these expressions into a single exponential expression and fill in the boxes.

(@ (_9—36)6=3 (© b3 % =| Ya -b
)6 ° ¢ 6-1% 3 12 a -2 -2
£ . D3 | 4 2 (352 = b3 (b
6‘6 (‘32—)6 [ b} b?-
= _52— .
! = -.74. 3/241/2
P (d) 30;—7/ =13 oL2]
-5l
_‘_ = I = x }[L \ll 3/2 + YZ = C"D
e ke a2 .30
o

Composition of Functions

Given two functions f and g, we may apply these rules consecutively, this is called composition

(feg)(x) = f(g(x))

1§ g ~CL¢ = f4w)

DIFFERENT !

% lj_uiljfw»lj_gﬁl — 4(fm)
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Example C. Given f(x) = ¥x + 5 and g(x) = cos(x). We will find

(b) (g0 f)(x) © f(f(x)

@ f(gx))
=] gw+5 = §(f00) - [fw+s
- [ar %5 = o8 (f0) [res +5

o ([x+5)

Problem 2. Let f(x) = Vx + 5, g(x) = cos(x) and h(x) = x2. Find

(d) f(h(x))

‘lk(xH 5 X+ 5

© heg = h(§(x)
- (g = () = a0

() h(f(g(x))) 2

(pgun)” - (fows) = goes = w@e

\\

Example D. We will decompose F(x) = /(sin(x) + 3)* + 2

o Most oudside : g(8)= x+ 2 pal He i’aae/r v (sm(0+3)" Tomaing
« Mot owkside @ A(x) = XA )oeetm Iage/r A~ sin(x)+3  remomg

« k()= sn+3 ~» F(x)= £(g(h(t(x))))

wman'ns
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Problem 3. Use the graphs of f and g to evaluate each expression, or explain why it is undefined.
Tip. First find the inside, e.g., for (a), first figure out what g (2) is.

(@ f(g(2) (d) (g °f)(6) g
- §(5) 3 (6)

g \
(b) g(f(0)) (€) (gog)(-2)

= 4(0) =3 = 30 =4 N

(© (fo9)(0) ) (feH)4

= £(3) =0 =f(2) =2

Inverse Functions

Inverse Functions. For a function f, its inverse function f~' is a rule that undoes f and vice versa.
fHfx) =x and f(f7(x) =x

For example, the inverse function of f(x) =x + 1'is

[ $7($(0) = £0-1 = (x+)-1 = X

£ (%) = k=1~ ﬁ
F'M) = L7+ = (&0 =K

L

Main Properties.

e Domainof f~ = Ya//\ge, of f.

e Rangeof f~' = &UMW//\ of f.

e The graph of f~" is the reflection of the graph of f about the line y = x.
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Example E. Consider the function f(x) = x?
X’lf

AV S SV S MY

\ / reflecting \ / e L —>

along the —
y =xline %
X z X
’
AN 4
’
" T~
/7 %

v
: . s the
Functions that pass the P\matm{'ﬂll P/mz, +€bt have inverses! 6»\/@/('\1(!40,
XQ— S '\'@S'l'

ARSI
NEEVEEEE R

\

Parent Functions III.

Logarithmic Functions. The graph of an exponential function a* always passes the horizontal line test.

Its inverse function is the logarithm function with base a > 0

g, (%)

Domain of logarithmic functions: ( O, m) Range of logarithmic functions: ("tﬂ, a°)

Main Property: exponential and logarithmic functions undo each other

fog, (02) = 2 gF o2

In particular, we may use logarithms to solve exponential equations:

ad = 1~ appy dga ~~> dog, (8%) = Dga(2) ~>§ = A (2)

Therefore,
=1~ [l (0=0)
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Example F. Graph of logarithmic functions:

f(x) =logs(x) f(x) =logy5(x)
X y =logz(x) X y =logy3(x)
5| -2 o | gt
3| gy (1) 2 (" | degy ()" =
=3 (=0 o ,
1= | Ly, I =) 1,(7,/3(0 =0
| 3l) = , ‘
A AN (8 | ‘()=
3 (3*) =2 2 2
“ o | g0
y y
fﬁ h
o AE
L \
— g, () )
AN
-— X ¢ L > X

> Iy, (%)
)

Logarithm Rules. Examples.
° |oga(ax) ° GIOQa(X) ° 10'0910(3) - 3
=X =X

o 10g15(20) +log;o(5) = }sjw (2.0. 5)

o log,(xy) = Joa, (X) + 499, (Y)
g xsa ABJ - 193'0(100) = }b(jw(loi) =2

+ s, = Joga (K) — 19 (Y)
e 10g;((500) —logyo(5) = fbgw (500/5)
o log, (x") - ﬁ%o (fo0) = 2~

= Y- }ﬁ(ja(x)

o logy(57) = -'7 : /eggm (:5.)
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Problem 4. Find the exact value of each expression below, referring to the table above as needed to do algebraic manip-
ulations. (No calculator necessary.)

(@) logs (81_1) (write 1/81 as 37) (c) log3 10 —logs 5 —logs 18
by 10 ﬁgj A\ }"j (3—2
= oy (37) =~k ‘”35(54% AW (57
= -2
(b) |095\/§ (d) 27109:(5) (write — log, (5) as log, )

%5(5\'7’) =_2‘_: Z}ﬁz(g') -5 . g_

Example G. Let us revisit (c) from Example B using the exponential function we discovered in (b).

flt) = 33 (100)° | @~ She f0)=7Fh

t
37 (106) = F4 ms (J.0b) =2

t = }831.0(,(2') ~ 1.9

The Exponential and Logarithmic Functions.

e is Euler's number and e ~ 2.71828. The inverse of e* is the natural logarithm, denoted

Problem 5. Solve for x

(@) e*3-7=0 (b) In(5-2x) =-3

€2X+5 _ :’_ %(5_22() = -3

-3
ax+3d = n(F) o-2x =8
-3
e, ¢ - 5-¢
x = (-3 5

2
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RECAP PROBLEMS

The aim is to review Day 1 material; so have the filled-in Day 1 notes in front of you as a reference!

Recap Problem 1. What is the domain of the function In(x + 6)?

Note. The domain of In is the set of all positive numbers, i.e., you are only allowed to taken In of a positive number.

Recap Problem 2. A quadratic polynomial is of the form f(x) = ax? + bx + ¢, where a, b, ¢ are constants and a # 0.

Given below is the graph of f(x), use it to determine f(x), i.e., determine a, b, c.

(0,3)

(1,2)

(_17 0)
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Name: QWM&Q

Day 3. The Tangent & Velocity Problem and Limits (based on Sections 2.1, 2.2)

Learning Objectives

e Understand how limits arise naturally from the tangent and velocity problems.
o Distinguish between one-sided limits, two-sided limits, and limits that do not exist.

e Evaluate limits using numerical tables, graphical information, and algebraic simplification.

The Story of Two Problem

The Velocity Problem. Suppose you were concerned about the gas mileage of your vehicle and checked your
odometer every hour, and realised that the distance s, in miles, travelled each hour is given by the function

s(t) =30Vt

e Whatwas your average velocity over 3 < t < 4 hours? e Whatwas your average velocity over4 < t < 5hours?

Ary. veaiidy = 22 ey vloiy = 8

At At
_os( -s(3) . 200E - 3003 s(®) -sw) . 30l5 ~ 30y
T T he3 ! " !

30 (2-13) ~ ¢.04

30 (5-2) =~ 1.0%

e Estimate the instantaneous velocity at time t = 4 hours: what is the velocity of your vehicle at exactly 4 hours?

X avg. velocity over x and 4 X avg. velocity over x and 4
5 1.0% 3 8-04
b s(4.1) - 60 x .45 3.9 5(».9) - 60 =~ .55
b1-y - ol
o) S(HoN -60 2 4q 399 | 5(390 60 1
4ol - U 0-0l

Numwwricad  evidence sugaoirs (9. fake foe W%e) e instaxit ancous vdnaﬂa Ao @

Let s(t) be the position of an object at time t. Then, the instantaneous velocity of the object attimet = a is

hn  S(x) - 5()

R=>n - Q4 A onence ustient
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y

The Tangent Problem. We wish to find the equation of the tangent line to f(x) = XZ at the point (2, 1).

21

/

What do we need to find the equation of the line?

f(24h) - £(2) _
(24n) - 2

a me on e e (1,0) & More 779

We aﬂ)(m(. by computing H\g A[prg o’l -Wu ,&/LQ, between (2, 1) and points dm rI'D H’

slope of the line from (2,1) = (2, f(2)) to (2 + h, f(2 + h)):

$(2+h) - |
h

2

hro|2eh | oneenseaem "0 @ eeineem
2-1) - 1.9) -
0-1]2-1 flzn-| = 1.025 -0-1] 1.9 ‘F_S__)_ = 0-935
0-1 -0.)
f(2.01)-) f(1-99)-1
— = 1.00 - — = 0.
0-0(| 2.0l 0.01 25 =00l 119 - 0.0| 09975

Numarical, evidunce slgawfs (e, ke Hou awege) Hat e )Kaf)e 40 ,
Equd%m oﬁ Hhe —lcwgwi b : Y-l = | (1-2) ~ Y=

_ i Tlath) - £@
h->0 h

For a function f(x) and a point a in its domain. The slope of the tangent line to y = f(x) at (a, f(a)) is

/ difforonce 7}4»%‘1 ents
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Problem 1. Here is a table giving the position of a motorcyclist after accelerating from rest.

t (seconds) 1 2 3 4 5 6
s (feet) 49 | 206 | 46,5 | 79.2 | 124.8 | 176.7

(@) Find the average velocity of the motorcyclist over the time periods [2,4], [2,3], and [3,4].

On [2.4] on [2,2] on [3,4]
(- 5(2) _ 31.2-20.6 | S-S - 46.5-20¢6 s(u) -s(3) _ #1.2-hS
-2 2 >-2 ! 4-3 !
= 2.3 ftls = 459 fils = 32.7 ftls

(b) Estimate the instantaneous velocity of the motorcyclist at t = 3 using the average velocities you computed in (a).
We't2 owerge e vdoutes over [2,3] awd [3,4]
(15.9+32%) [, = 243 6«1‘/5 Jhio as ome Afpnxinwh'm

(c) Suppose that you are told that the actual position of the motorcyclist is given by the function
s(t) = 30t — 24.

Use this function to again estimate the instantaneous velocity of the motorcyclist att = 3. Do you think this estimate
is better than the one you made in (b)?

We will find the amomge veatly ever  pmellax intorveld

o [2.914,3] 3(3)- 8029%) _ 44545
24%-%

awmg\'wg % 24.59 —&WS

crn3000 50000 TSSO g gu | g s egeddl 4
3.001 =3 :
betder <whimalz

Limits

Limits. Let f(x) be a function and o a real number not necessarily in the domain of f. We write

b f(x) = L

X=>a

and read it as “L is the limit of f(x) as x approaches a", if for inputs x close to a, the output f(x) gets close to L.
We do not care what is happening at x = a itself.

If we are solely looking at inputs x which are close to o If we are solely looking at inputs x which are close to a
but to the left of a, and the output gets close to L, we but to the right of a, and the output gets close to L, we
have the left-hand limit have the right-hand limit

bm  f(x) =L b £(R) = L

X—=0a x—=>at
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Fact. The limit lim f(x) exists exactly when both lim f(x) and lim f(x) exist and
xX—a X—a~ x—at

Jim £00 = lim_f(x) = lim £(0

Therefore,
if XILn;n_ fx) # lim f(x), then )!lT(]] f(x) does not exist.
Example A.
y y
// .
r/—\ / // \ /
AN ’ N
N \Q_\/
/ ¢
/ X > X
a a
N
flay # lmfe) = lmfx) = lm f(x) f(a) Jimfx) = lim f(x) = lim f(x)
y y
_ AN / \
| AN
L \
X \ X
a a
L~
Ve X v v v v v v

fl@p  lmfe) lim f) £ lim f(x)
~ N @

flay = limfG) = lim f(x) = lim f(x)
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Problem 2. For the function g shown below, find a number a that satisfies each of the descriptions:

(@) lim g(x) exists but g(a) is not defined. _ y
x—a a= 5
(b) )!m] g (x) does not exist but g (a) is defined. a= L‘, ~
. . . ) . N
() lim g(x)and lim g(x) exist but lim g(x) does not exist. / \
X—a~ x—a* X—a X
A= 2 of | 2 4 6\
. . L \
(d) lim g(x) =g(a) but X|II’L’I_ g(x) #g(a). 1
x—a* -

A=k

Problem 3. Sketch the graph of a function f that satisfies the conditions

XIerJﬁ f(x) =3, XIi_}rr11+ f(x) =0, and f(1)=2.

T /\_/0
3_-
L e
z.—
\ +
N
~ 7
2=l

Problem 4. Find each of the limits below (or find that the limit does not exist) by making a table of values of the function
as x approaches the value where you want the limit using Desmos.
For example, you can do the following for (a), and repeat these steps on Desmos for (b) and (c):
Inx—1In4
x—4
e Go to the next cell, and click the plus sign on the top left and select table from the dropdown menu.

e On Desmos, write f(x) =

Change column titles from x; to x, and from y; to f(x).

Populate the first column with values close to 4 and the second column will automatically give you function outputs.

Looking at the outputs, make an approximation as to what the limit could be, or if the limit does not exist, and record it here.

(a) lim X =In4 (b) lim xV1 + x-2 (@ lim In(sinx)

x—4 X -4 x—0

= 0.25 Joss M exist [=-=]
Numorical, idums  Suggests o endma WS
e T B rggd%z s 28
tugaodt 0-25 Aefft - 9 fak s vl Ao

% Limiks do 1k opee: iy nen il

e n.gmﬁve a1 —07T.
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Computing Limits

Fact. If f(x) is a parent function and a is in the domain of f(x), then )!IFTL f(x) = f(a).

2 _ -
Example B. (a) lim x2-9 = § - 1 = 16 (b) lim X 3 = _éi =0
X—5 x—=3 X+ 3 + 5

Warning. The fact above is not true if o under the limit in x — a is not the domain of f(x).

If your substitution of a will resultin anillegal move - e.g., zero in the denominator - you should try and algebraically
simplify first to get rid off what makes making a move illegal and then substitute a into the simplified expression.

This works since the limit is interested in what is happening near a and not what is happening at a.

Example C. Let us compute the following limits. 5-9

0 (8ig No!)
Gannet plig n. x=5 1 ~? g 0

(@) lim

x=5 x2 =25 ~ | ‘ I
— y/;W\ —_X 5 J/\W] _— = —
= s (x5)(%s5)  x=5 X5 & 59

Sl-

o= br= (a-b) (a4b)

Problem 5. Compute the limit:
. X?>+4x-5
lim —
x—1 x2—4x +3

Note. Can you just plug in x = 1? If not, trying factoring both quadratics and see if you can simplify the fraction.

P x>+ ky-5 B (x¥8)(x=1)
m

LS £
x—=>1 X-3

[
0

{
o
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RECAP PROBLEMS

The aim is to review Day 2 material; so have the filled-in Day 2 notes in front of you as a reference!

Recap Problem 1. Decompose the function
F(x) =In(x> - 9)

as a composition of three functions f(g(h(x)))

Recap Problem 2. Solve for x in the following equation (the answer is a whole number):

log,(x) =log, (5 + x) —log,(2)

Note. Proceed as follows: (1) Combine the right hand-side using log rules; (2) you may neutralise/undo the logarithm using that fact
that 2'°92(%) = y-(3) now solve for x.
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Name: '@Wamg-

Day 4. Computing Limits & Continuity (based on Sections 2.3, 2.5)

Learning Objectives

e Algebraically manipulate and apply limit laws to compute limits.
e Use the Squeeze Theorem to evaluate limits of “trapped” functions.

e Understand the conceptual ideas of continuity.

Computing Limits

Fact. If f(x) is a parent/nice function and a is in the domain of f(x), then lim f(x) = f(a).
X—a

2 _ -
ExampleA. (a) lim x2-9 = 5 - ‘i = 16 (b) lim x-3 = _5’2 =0
X—5 x—3 X+ 3 + 3

Warning. The fact above is not true if a under the limit in x — a is not the domain of f(x).

If your substitution of a will resultin anillegal move - e.g., zero in the denominator - you should try and algebraically
simplify first to get rid off what makes making a move illegal and then substitute a into the simplified expression.

This works since the limit is interested in what is happening near a and not what is happening at a.

Example B. Let us compute the following limits. 5-9 9_ (Bla NO |)

Ganet pug in x=5 1 7 5-29

(a) )ll_rg X2:25 y/\ X—_S }A | I
_ 'W\ I—— = M - C e
T x5 (%-5)(%5) x5 Xt5 @ 55 )
0= b= (a-b) (a4b) D

Problem 1. Compute the limit:
_ Xx’+4x -5
lim ——
x>1 x2—4x +3

Note. Can you just plug in x = 1? If not, trying factoring both quadratics and see if you can simplify the fraction.
) x*+ by-5 Lim (x +5) (x~1)
m

G M5 L 145 _ 3
x=>1 X-3 -3

)



Day 4 Worksheet Page 2 MATH 111 (W26)

More on Limits

Limit Laws. Suppose that ¢ is a constant and the limits lim f(x) and lim g(x) exist. Then,
X—a X—a

1. lim (c- f(x)) =c- lim f(x) lim f(x)
e e 5. 1im LX) Zx20T T i s £ 0
x—a g(x) Ji_r}lg(x) x—a

2. lim (f() +g(x)) = lim £(x) + lim g(x)

i (i " wh isan |
3 )!I_rg (00 - g() = )!l_rg 00 —)!i_rgg(x) 6 lim (f(x)) (Xl_rg f(x)) where n > 0 is an integer

4. Jm (Fx) - g(x)) = Jm £ -)!i_rgg(x) 7. )!m \"/f(x) = {r/)!l_rg f(x) where n > 0is an integer

Example C. Let us compute the following limits.

ViTh » 2
@ lim 1= o im M'l .mﬂ - Am (Jtxn) -

h h=>0 h TEh +\ h>d  h (ITEh +1)
¥ o -
0
=0 x = Am _Qﬂ‘l_'_‘__ = Am A
0 h=>0 b ( (+]T+k) k>0 KU+{TEw)
. - | 1
St - .
h—0 +{I+h lxJ\+D 2-

w5 = [5(P = ]5-

Problem 2. Compute the following limits. 2
s L4
(@ lim 1+ V3+u?+202 (b) lim (Zt5 - t4)3 _ /&M Zt " t
u—-1 -1~ 2
t—1-\ 5t4 + 4 _b._q‘ 5‘t,—+ L,—

- |+ Jﬂw L(3+uP+2u)

u->-*

£ 34 (P20 51+

I+ =3 H’)jz 5;71

1l
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 V9+h-3 . _ ' :5) - (I‘l-\rh)m " 'BL
(© lim - & (__/Wl— = L Y-
TS0 T h (AR +B) ko k(fam *3)

, )
s q+k—q = /&M ——A—"_’ = z\W’ e
< / -
) f‘zo h ( {T%h +3) h—»v/((m +2) W0 A t3
_ [ = 4
T o td 6
et . _'_—L)
i = {0y %3 <x >
R S Y Al >3- X d = b — (3] L
2% X3 3% x3  X-3%  BX x—3 X% 3
- X/WV) —'l _l- = —l _L__ - _—L
(e)gmw
2 _ 2
- Fr 2xh AW =R 2xh £h
zﬁﬂﬁo ok

g K2R g 9yph = 2%
- h= 0 }:(, h=0

The Squeeze Theorem

The Squeeze Theorem. If f(x) < g(x) < h(x) when is x is near a (except possibly at a) and
lim f(x) = limh(x) =L
X—a X—a

then
limg(x) =L
X—a
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T ,/ \ S I B B e g(x)

a N/ DN
AN h(x)

Example D. Letus compute Iirrg) x3 +x2sin (g) Seegraph: https://www.desmos.com/calculator/xe7zcnvdfu.
3 S 3
1 ¢ sin,(:l“_)é\ C M, — [P £ [XC4xt - sw(?f> ¢ [KCtat
: Tt S P,m 4> = [o're* =D,
MW(DW/( }/‘M m =T ot

A—>0
. _ . Lo (T) =0
Amalor , f"_’:‘o_\l)\3+;‘?— =0 . SO, b{l} %uﬂéﬁ f‘-'-:)o .lx X 9‘“’()‘)

Problem 3. Consider the limit
Iirrg) x? cos(2mx)
X—>

(@) What does the squeeze theorem say about this limit? Recall that —1 < cos(x) < 1 for any real number x.

14 3 aTA L] . Ae,  -xte xFRATX &R

Sawo )(q' = O" =0 . AW&’ Jam (- X7') =0.
X—>0 Xx—b ’ )
E)J %mbc Huoom, bm g Amx =0

X—>D

(b) Plot the function f(x) = —x2, g(x) = x? cos(2rx) and h(x) = x? on the same screen and roughly sketch it below.

x>
s TX
\
U -
- N‘l/
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Continuity

Continuity at a Point. Consider a function f(x), and a a number in its domain. We say f is continuous at a if

M,_j[(?‘) = o F(x)

a x-at

f@) = dim F(x) =

KD K=

/‘ N
A\ / \

’—-———/

X

a

L~

Fact. All our parent functions are continuous.
Example E. Consider the following function

x’+a x<3

fx)=4b x=3

20+x x>3

Find o and b such that f(x) is continuous at 3. (playing in Desmos)

[(5)= Jm fO0)= Bm FOX)

+
X% X3
/

o / \

y+0 = 20+ 3

q+&’20’r3 A,y\{L b=32+&=q+6515
a =6
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Day 4 Worksheet

Problem 4. Consider the following function
2c+x+eX x<2

Joo = {ez +3cV2x x>2

Find ¢ such that f(x) is continuous at 2.

g (K = «&Mﬂﬂ[?‘)

X2 =2
| }

Jev2+ 4 = g+ 3clzz
2¢c+2 = 3¢k = 6¢

he =2 ~> |C= )

Problem 5. Suppose that we know
lim fx) -8 =
x—1 x =1

Find )I(m fx).

]

b L= o
X—>|
frm 30()&)’3 x=| (X/‘\m M)(Y/:M X-\>

9 = I (N—-% =
[-9 f"_";’]% X=>1 x—1 X1 x-t /(%=1

o-(i-1) =0

%, hw = L=

x|
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RECAP PROBLEMS

Recap Problem 1. Find the limit
e =1
lim
x—0 X

by populating a table of values of the function as x approaches 0. The table should contain at least 5 values.

For example, you may consider x = —0.1, 0.01, —0.001 etc.

Fill in your answer:

Recap Problem 2. Sketch the graph of a function f that satisfies the conditions:

mfx) =3 f)=2  lmfe0=-1, lmfe)=1, f(4)=-1
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Name: ’QWU_QMOQ

Day 5. Continuity, Infinite Limits & Limits at Infinity (based on Sections 2.5, 2.6)

Learning Objectives

e Understand the conceptual ideas of continuity.
e Compute and interpret limits at infinity and infinite limits.

¢ Identify vertical and horizontal asymptotes using limits at infinity and using infinite limits respectively.

Continuity

Continuity at a Point. Consider a function f(x), and a a number in its domain. We say f is continuous at g if

fa) = bim f(R) = bm {(x) = ,&'m+f(x)
X =30,

X" X—a
y
a\
AN e// \
i,
L —
X
a
L
Fact. All our parent functions are continuous.
Example A. Consider the following function
x>’+a x<3
f(x)=4b x=3
20+x x>3
Find a and b such that f(x) is continuous at 3. (playing in Desmos)
For wvanwig, we shewdd hawe
. = a
1) = gm f0 = Jim §6 20+ 3= 9+
X—9 ) Sl
J Jda-o = 94-3

b | }
Use Mn o,é /714 ok{w D’B
fo0 Leffefs  FOO right %2

T 4+a = Ja+d
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Siw, we have b= SG)= bn F0) = 3Ha = 1+6

X3

b=15

Problem 1. Consider the following function

2c+x+eX x<2
f) =
e2+3cV2x x>2

Find ¢ such that f(x) is continuous at 2.

For wv\h'nuig, we showd haxe Jc + 2+/Z=)z/£+ 2% 2

{

Jcr2+er = eX+ 3¢ {z2

we dof” o

{/\‘_IZLZ_‘F(ﬂ = fimz_"’ {Sq 6C = Jct2

IAAeo!ngo’é be = 2

foo g2 0 o o2 P4

Infinite Limits

Infinite Limits and Vertical Asymptotes.
Let f be a function defined on both sides of a, except possibly at a itself. Then,

Jim {(x) = o Jm f() = — oo
X0 X0
means that the values of f(x) can be made as large as means that the values of f(x) can be made as
we please by taking x sufficiently close to a (but not negatively large as we please by taking x sufficiently
equal to a). close to a (but not equal to a).

Similar definitions can be made to define

JL\.M_{'(K);' N, ‘L\.M_i_f()():: 00/ .,!/\'M_f()&):—oo/ ‘L\'M.'-f(x);_oo
X=0

X0 X0 X0

The vertical line x = a is called a vertical asymptote of the curve y = f(x) if one of the following statements is true:

Jim L(x) = o0 Jm L(x) = — oo

X0 X0

J/\'M_f()&): o ‘ ;!,\;r’notf(;«).—, ) d&im_]f(fx)s— o0 J/\'M.'-j['()g);_. -~

X= o X0 X=0
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Example B. ;&ga f (X)=m i@_i/?na_ 3(,-%) = , }&_::‘;4- h(x)=»
= ) | . A
. — p : : h(x
N : / 10 D |, )
Y ANRENE
N verhed GSJMP e vevhoa! asam?
; Jam 3[‘!\\ == ) :
: X=0 : : S +M")
AN e : N
— I e NN
a : X : b C : \vlﬂ X
= Lt
Jim $0)= ~0o
. Ll . :
. /7: | .
,(:W\'-HCaf asaw\f) varhcal asa’w\?

Problem 2. Given below are graphs of some functions. Write down the infinite limits and identify vertical asymptotes.

1
For example, from the graph of f(x) = 1/x we may deduce that lim — = co.

y

x—0*t X

\

y

\

= S \ Bn(x)

X330

0

= ==

Graph of f(x) =1/x

Graph of f(x) = In(x)
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Example C. Let us compute the vertical asymptotes of:

+3

@ f(x)=— b) f(x) = ;(2 s

when > He olmem. = 07 X=3,-3
oo /’ not Huo sIine
X=2 aXABawS\'GbNVM

VS' Feal osgmp mlg vertical asymp l

[he o x= 3|

No vodial asW] becande
3293 o num 7 Jﬂg deemm

Vertical Asymptotes & Holes of Rational Functions.

One determines the vertical asymptotes of rational functions p(x)/q(x) as follows:
o If the numerator p(x) degree is > than the denominator g(x) degree, then there are no vertical asymptotes.
o If the numerator p(x) degree is < than the denominator g(x) degree, then there are vertical asymptotes:
> Find all roots of the denominator q(x).
e.g., in Example C (b), roots of x2 —9are =3 and 3.
> Determine if any of the roots are also roots of the numerator p(x).
The rational function has a hole here.
e.g., in Example C (b), —3 is a root of x + 3. There is a hole for the rational function at x = —3.
> The remaining roots is where the rational function has a vertical asymptote.

e.g., in Example C (b), the rational function has a vertical asymptote at x = 3.

Limits at Infinity

Limits at Infinity and Horizontal Asymptotes. Let f be a function

defined on some interval (a, o). Then, means that the defined on some interval (—o0, a). Then, means that
B [0 =L A F00= L
X000 X=2-00
values of f(x) can be made arbitrarily close to L by the values of f(x) can be made arbitrarily close to L by
making x be sufficiently large. making x be sufficiently negatively large.
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The horizontal line y = L is called a horizontal asymptote of the curve y = f(x) if either

Jim £ =L v A fX) =1

X% X—-o

Example D.

|
I
A

7 agme- | T T T LD
i e S

Nl

—_——

im f(K)= |- bm  {(x)= L

X o0 X»-»

Problem 3. Given below are graphs of some functions. Write down the limits at infinity and identify horizontal asymptotes.

1
For example, from the graph of f(x) = 1/x we may deduce that lim Y- 0.
X—00

y y

\ |
\ /

Graph of f(x) =1/x Graph of f(x) = e¥
X

ﬂ;m =0 ,@{M ¢ =O

|
X=-0 X X5 -

Problem 4. Sketch the graph of an example of a function f that satisfies all of the following conditions:

Imfo) = lm f(x)=—e0  lim fx)=c0  lim f0) =1 limfe)=-1  f(-1)=0
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L_\
\

Important Limit at Infinity. If r > 0 is a rational number, then
,@im _L- = O
x—00 X'

Moreover, if r > 0 is a rational number such that x" is defined for all x, then

}/‘M ._l—so

x> - X

2x2 + x
3x2+4x +7

Jim 2XH % = A XL(Z’L%‘) s
5 2 T]— -3
X0 SxF+hx+ X2 %(31‘ iz) ,%01

Example E. Compute the horizontal asymptotes of the function f(x) =

_ A 24 X : 240 - 2 A3 -
SEEEYI 3 3+u-D+10 3
K x2
Vax2 + 2x+1

Example F. Compute the horizontal asymptotes of the function f(x) = T 13

(ompukin Jn $08)  wrd !”AM _$0

X9 0
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tm B+ 20 B B+ 20
X200 5x+3 X230 Bx4 3
_ im ﬂz (4 +2/x+Y2) | _ Jim ﬂz (4 + 2/x + Vx2)
X X (5 +3/x) A3 X (5 + 9’/x)
o ey | g R |6 2
 Xow X (5+ /%) A= -00 X (5+ 3/x)
b X jt“fz/x*\/# b X jL“fz/xJ’\/)cz
X—ro X (5+ ¥x) k- x (5+ ¥/x)
_Jxvz0t0 _ 2 _ —[&+20t0 2
5+13-0 5 5+3-0 5
Problem 5. Find each of the following limits.
@ fim % © i «/:;_3:2
P R . -
B 4 e B ﬁ( (VX + 3)
X[(q/{it ’2"> T X3 X (4_.- I/X.)
i LT N R Lt
+ 4/61’2.. X3 00 X (L\T—\/X)
- 610-50 _ JHwm X\l>’;&+3 ___,lo+ 3
1:0-2 T (4-%) G-o Lr
= 6/’2_ = -
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() lim e €os(x) (think about applying a squeeze. ..)
X——00

—| ¢ us(x) < |

_ezx < 62)(005(0 ¢ ezx [M? ezx)

2X
thoore S €7 = O (pitHuguaph of € ard chsene
o £ gk ot B 3)

. 2
Aimilarly fm — € =0

X2 -

\/» ‘ wize Pumom  m e%xaﬁfﬁi =D
& i I X -0

Computing Vertical & Horizontal Asymptotes.

e Compute the degree of the denominator and numerator.

If you have a polynomial under a square root, the degree is taken to be half of the degree of the polynomial under
the square root, e.g., the “degree” of Vx8 + 1is 8/2 = 4.

e To compute the vertical asymptote, now repeat the steps laid out on Page 3.
e To compute horizontal asymptotes, we are computing lim f(x) and lim f(x). We will use
X—00 X——0

. 1 . 1
im — = lim — =0
X—00 X x——oo XN

e To begin, factor out the highest powers of x in the numerator & denominator.
e Proceed now as in Examples F and E.

e And remember, if you get a Vx2, then this is x if your limit is x — oo and it is —x if your limit is x — —oo.
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RECAP PROBLEMS

The aim is to review Day 4 material; so have the filled-in Day 4 notes in front of you as a reference!

Recap Problem 1. Compute the limit:

Recap Problem 2. Compute the limit:

. xX—-5
im ———
x—5 x2 4 2x —35

-1
x—0 X
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Name: M

Day 6. Derivative at a Point & as a Function
Learning Objectives
e Understand conceptual idea of differentiability.

e Find the derivative at a point and as a function.

Derivative at a Point

(based on Sections 2.7, 2.8)

Derivative at a Point. Let f be a function and a a number in its domain. Then, we say the derivative of f at a is

' M- g (RSB
§ = ﬁzvo h xv—y:a, X—a

if it exists.

Slope of the Tangent Line. The tangentlineto y = f(x) at (a, f(a)) is:

the line through (g, f(a)) whose slope is f’(a), the derivative of f at a.

Example A. Consider the function f(x) = 1/x. Find the equation of the tangent line at (-1, f(-1))

Prind + (-1, f-1)) = (L -1) amd  Aope: (1)
fim TP =FD) ) - Gy TEIER) = £6)

= e TR
-
L) - A Jﬂ\_/“)
= Jw AN h=20 h
X2- X +]

—_—

I

_ hm I__(_L_ +I>
Jin L (£+1) hso b L

X=-1 X+l
G L. (D
- D B . ERET h h- |

- ﬂ\m .J—- = ’g‘m ‘[— /—K——
B *=3-) X h=0 Y (! h-1
= —-‘ - ‘Wl _)_— = —\— "'I
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Equakim v Ho +lwgw\t Bw: Yy -C1) = =1 (A=)~ Y= -2=2

("f(')
Problem 1. Compute the slope of the tangent line to the graph of f(x) = x? + 1 at the point (1, 2) in two ways below.
(a) First, as the limit: lim M (b) Second, as the limit: lim M
X—a X—-a h—0 h
_ dim TS0 B 0140 = 0
X=X -l h—>b h
2
_ hw K12 G W H1-2
Tx=>| X-1 Y h
2 —_—
. hm XL _ A (1+20w) ~
x=1  x-=| Y h,
2
O el M ZRER
IRl >l w0 h
T € hw A (2+h)
X2 - h-o y
= |+ - Am 94+
h=0
= L
= 2
(c) Find the equation of the tangent line to y = f(x) at (1, 2).
Yy-2 = 2-(x-1)
S50 sd b Rk

(d) Plot the tangent line you found above and y = f(x) on Desmos. Zoom in on your graph and verify that the graphs
begin to coincide as you zoom in.
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Problem 2. For the function g whose graph is shown below, arrange the following numbers in increasing order:

0: g/(—Z), g’(O), g,(Z), g’(4)

Instructions: draw mini tangent lines at the appropriate points on the graph; remember the derivative is their slope.

/ .
T'e sketched Jitfe *"27‘“1 pd
Jings whote A&Tus e e d

y=9(x)
duived  drivakives . \/ X

We ordor o by stopras ,
)< 0 <)< 3'(4)<J(’2)

Instantaneous Rate of Change. If s(t) is a distance function.

Then the instantaneous velocity at t = a is s”(a), the derivative of s at a.

Problem 3. Shown below is a graph depicting the position s of a particle moving along a line. Sketch a graph of the
velocity of the particle, using the same axes below.

Important Note. If (a,s(a)) is on a straight line, then s’ (a) is the slope of the line the point is on.

s (meters)

vefourty (mis)

0 D > t (seconds)

Derivative as a Function

Derivative as a Function. Let f be a function. Its derivative as a function in x is provided the limit exists.

VA = fim £ (x+ h) - £(x)
£ (x) -

h=>0

That is, the domain of f’ are those x such that the limit above exists.
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Example B. Find the derivative of f(x) = vx. What is its domain? Find the equation of the tangent line at x = 4.

. fx+h - f(x) G IX+ R -IX
@ fit) = Hm — =5 h

h—>0 h h=>0

B ,@;m m_\f)—(— Jx+h'+_’/7-

h=0 h ' Ix+ n+ X
1 L . h) - X
P (o S .S W g
T hoo he-([x+h + %) =0 b (Jx+h + %)
- Shm K = i ,

>0 K- ([xih . (%) >0 [xeh +IX

L B
J‘x?&lwx' S 2K @M)—zm +

@ by of fongort Jare: y=f() = {4 (x=4)

Y-z = 4 (k=8 > Yegxtl

Example C. What is the derivative of f(x) = |x| and what is its domain?

. , | x>0
f(x)—,%x "70 ~ry f'(“:i

-X  X<0 -l X £0

what abeut 1 (0) = B TOHR) - F00)  fi £ DNE.

h—=>0 n ) h—»oh/
—
Jown &)=MN -h o 79 Jim ﬂ"\):)(’,‘m h o)

—

h=0" h h>0" h h—=ot h=20* h
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Types of Non-differentiability. (Desmos)

The derivative of f(x) at a point x = a does not exist if
e there is a “sharp corner” at a in the graph of the function;
e thereis a vertical tangent line at a in the graph of the function;

e the function is not continuous at a.

Problem 4. Match the graph of each function (a) - (d) with the graph of its derivative (i) - (iv).
Strategy. Look at the derivative graphs on the right and see where the they are negative/positive/zero; compare with slopes of mini
tangent lines on the function graphs on the left.

(a) y (0) y (M) y (i) y

@\ (W) \
0 \x N/B( 0 X 0 \ X

(b) Yn (d) Y, (ii) Ya (iv) Ya
(W / \ — | —
1 /
(0 / 0 X / 0 \x / 0 \ X 0 X
o—t—0

Leibniz Notation & Higher-order Derivatives. There is another notation for the derivative of a function f.

The notation emphasises the independent variable: if y = f(x), then we write

f(x) = OL%X

For example, if the independent variable is ¢, i.e., y = f(t), then we may write:

£y M/ i

If y = f(x) is a differentiable function, then its derivative f’(x) is also a function, so f* may have a derivative of its

own, denoted 2
100 = F/ 1

This new function f” is called the second derivative of f because it is the derivative of the derivative of f.

More generally, the n-th derivative of f, obtained by differentiating f n-many times, is denoted
(n) d‘V)
f (1) = g aﬂz"

Velocity & Acceleration. The first derivative of a distance function is velocity.

The second derivative of a distance function, or the first derivative of a velocity function, is acceleration.
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RECAP PROBLEMS

The aim is to review Day 5 material; so have the filled-in Day 5 notes in front of you as a reference!

Recap Problem 1. Sketch the graph of an example of a function f that satisfies all of the following conditions:

lmf)=-c limf0)=lm f)=1  f(2)=0

Iimzf(x) =1, but f(-2) is undefined
X——

Recap Problem 2. Compute the limit:
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Name: 000009

d
Day 7. Shortcut Rules and the Product Rule (based on Sections 3.1, 3.2)

Learning Objectives

e Use shortcut rules (Power, Constant, Sum/Difference) to compute derivatives efficiently.
¢ Differentiate exponential functions with base e and general base a.

e Apply the Product Rule to functions that are products of two differentiable functions.

Leibniz Notation & Higher-order Derivatives. There is another notation for the derivative of a function f.

The notation emphasises the independent variable: if y = f(x), then we write

. dy
(¥) = 2
] ot

For example, if the independent variable is ¢, i.e., y = f(t), then we may write:

f(t) % “diffrekiakie with reect f 1

If y = f(x) is a differentiable function, then its derivative f’(x) is also a function, so f* may have a derivative of its

own, denoted 5
f'(x) = ML
Ax

This new function f” is called the second derivative of f because it is the derivative of the derivative of f.

More generally, the n-th derivative of f, obtained by differentiating f n-many times, is denoted

VSR i N oA"Y
f(x)—o—l;& > JC(X)-I)Z"

Velocity & Acceleration. The first derivative of a distance function is velocity.
The second derivative of a distance function, or the first derivative of a velocity function, is acceleration.

Shortcut Rules

The Power Rule. The Constant Multiple Rule.

For the function f(x) = x", where r is any real number, For any differentiable function f(x) and c a constant,

ey = p x A [n _ 3(.
%(f(»«)}- 1'(x) = v X (ﬁ(c §0) = ¢ % (F0)
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Example A. Use the power rule to find the first and second derivatives of the following functions:

@ f(x) =5x"% ©) y = % _ 6x—‘/4
' = A 100 r
1 d’x(5x ) 4§ . A (gx")
dr  dx
= 5 4 (x;oo) OQ _‘/4)
=6 =2 (X
* oh&(
= 5 (IOOxwo") N Yy -1
-6 (5K )
_ 500 X 5
- -6 . 4
b

') = %(f'm)

4y 4 (-E. xasﬂ*
-_ % (500 ™) P S )
*
= ——G—- Z(. (X-514>
- 500 ‘%(x"q) ax
S ~5/q—\
44-| - <_‘L5; X )
_ 500 (99 %) 4
_ 15 -
= 49500 X Y

Sum/Difference Rules. Let f and g be differentiable functions. Then,

0%((]00«) t400) = ;’% (f0) +;%;(J(x))

4 (o) - g) = & (F0) = (300
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Example B. Using a combination of the rules we have introduced above, find
(a) a (x®—=12x° +5)
ax

5
(b) the derivative of h(8) =6 (394 -+ 79‘2)
Ve

39 - 0 + 197
)

\ -]

30> — 50~ + 10

Ay A (i2x8)+ 4 (5
rM(x) oh( M()

1"

"
]

Ao oz de) + 4
c’(x“) ‘de(“)rolx(s)

Va7 n/

h'(e) = (395)/'(59/) + (#97)
3. (6°) - 5 (9™) '+
1. (97
3(56")-5(36"")

(-1 ™)
B b g -V -2
=156 -206"-79

g -~ 12(55") +0

I\

%xjr - 60x"

I

i _ 5 1
= 5 = — -_— —_—
190 26 o

Derivatives of Exponential Functions.

For the function f(x) = a*, where a > 0,

& (a*) = a* dn (@)
dx

In particular, for the function e*

d (g*) = g% Inle) = €
Ax

Problem 1. Differentiate each of the functions below using the differentiation “shortcut rules” above.
Note at each step which rule you are using (if any).

@) f(x)=eX+Yx +e3

f'CX) _ (8X)/ + (XVS)/—f (e})/

| ~2/3
X L B N
e- + e X + 0 ¢ 2 X
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For the following: first write them as a sum of functions, either by splitting the fraction or multiplying everything through.

(b) f(x) = ‘&XE & (€ g(t) =t (3t + ;—3)
Vo
N T SR 2 )
Yo-2 2 2= -1
- X X J’(t) -3 (3¢7) + (1A )
-3 _ -
L) = X+ KT = 14 &
[ 9, 351 2-\
{(x) = B
- ‘—73: x4 2

Problem 2. Find a quadratic polynomial P(x) = ax? + bx + ¢ such that P(2) =5, P’(2) =3 and P"'(2) = 2.

P(x) = At bxic —> 5= P()= a (" +b2+C

= 2b+C
PI(Y\) _ 2&X+b Ll'Ok’\'
4-2+C

I

» 2= P'(2) = 2o~ [a=1]
\

L, 3= p'(2) = 2a2tb = hath = A+b

- o=
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The Product Rule

Question. How do we differentiate functions like xe*?

Warning: Incorrect Computation/Rule. Consider the function f(x) = x°

We know that What about the following computation:

9
LR 9 ko x2) = A(R)A(®) < 2% 2 1)
dx( ) 5% dx( ) d,f\(x ) dx dx

The formula % (fx)-gx) = % (f(x))- d% (g(x)) is wrong. The correct formula is given by the product rule |

Product Rule. f(x) and g(x) are differentiable functions. Then,

i(fm,gm) = £0900 + F0 4’0

Example C. Find the derivative of h(x) = xe*.

Step 1. First find two functions that above function is a product of:
x -—
alx) =x, b(x)=¢" ~o h(x) = alx- b(x)
Step 2. Write down the product formula to identify what needs to be computed:

KK = a' () bx) + a(® b'(x)

Step 3. Do the relevant computations using shortcut derivative rules:

R (N=1, L' (x) = ¢

Step 4. Package everything and write down the final answer, and make any simplification you wish to make:

W) = &' (0 b + a bk = e+ xef
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Problem 3. Compute the derivative of k(t) = (t% + e!)Vt.

Step 1. First find two functions that above function is a product of:
ANt = £ €, b= VT e k(t) = alt) b(t)

Step 2. Write down the product formula to identify what needs to be computed:

L'(6) = '(t) b(E) + a(t) b'(t)

Step 3. Do the relevant computations using shortcut derivative rules:

-V \

A =otee, b)Y -(") =Lt = o5

Step 4. Package everything and write down the final answer, and make any simplification you wish to make:

ey = a( bt + A () = (uaed)E + (@) Lo

‘7\

Problem 4. Find the equation of the tangent line to the function y = x3e* at the point (1, e).

B et Y = 3+ e
ax
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Problem 5. If f and g are the functions whose graphs are shown, let u(x) = f(x)g (x).

-y/\

=l

(a) From the graph, compute f(1), g(1), f'(1) and g’(1).

f=2 {0 = sbr o Hhe Lie (LF0) s on = T 2

j(l): 3 j'(\\ = %”)e UB ‘H’lﬂ, /efn!l (.‘;J(:')) oMM = }_—]

(b) Now compute u’(1) by writing it in terms of (1), g(1), f’(1) and g’(1).

W)= 1)) gl + f00g'(x)

u' (1)

1'0) g + £ g°0)

\

\ :
13+ 2
55
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RECAP PROBLEMS

The aim is to review Day 6 material; so have the filled-in Day 6 notes in front of you as a reference!

Recap Problem 1. For the function f(x) = Vx + 2, find f’(2) by computing the limit:

(Hint. Substitute f(x) and f(2) and then rationalise the numerator)

i [0 -f@) _

x—2 X-2

Recap Problem 2. For the function f(x) = x2 + x, find f’(x) by computing the limit:

(Hint. Substitute f(x + h) and f(x) and expand (x + h)? to cancel terms; your main aim is to cancel out the h in the denominator)

i fOem = F00

h—0 h
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Day 8. The Quotient Rule and Trig. Differentiation (based on Sections 3.2, 3.3)

Learning Objectives

¢ Apply the Quotient Rule to functions that are quotients of two differentiable functions.
e Differentiate functions involving sine, cosine, tangent, and other trigonometric functions.

o Interpret trigonometric derivatives in the context of physical models.

The Quotient Rule

Warning:
is wrong.

The formula (m), = &
9'(x)

g(x)

The correct formula is given by the quotient rule |

Quotient Rule. f(x) and g(x) # 0 are differentiable functions. Then,

g7y 10960 - FK LK)

a(x)
Example A. Find the derivative of g(x) = %,: _bia(:)

X
Step 1. First find two functions that the above function is a quotient of:  ({ ()0 = |+ \,7(' ’ b (ﬁ) = 2 ’ 5

Step 2. Write down the quotient formula to identify what needs to be computed:

a' (%) b(W) = alx) b (x)
b(x)*

g(x) =

Step 3. Do the relevant computations using shortcut derivative rules:

ey L b'(X) = 2-2" In(3
a (%) = ek (x) 3 )

Step 4. Package everything and write down the final answer, and make any simplification you wish to make:

a'(x) b(Y) = alx)b (x) _ 2—'5—( 2:3 (I+R)2-5*-,9n(3)
(L] X) = b(x)* (2_'3*)2—
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Problem 2. Find the equation of the tangent line to the function y = Tox

Day 8 Worksheet Page 2
Problem 1. Compute the derivatives of:
3, N2 2
r 10t
@) h(r) = i = _‘_/ (b) k(t) = —
r-3 f’b e

(104" €F = 1ot (0

eH*

W= (09008 e | K@)

(v-3)"
L™ (e3) - 1" _oot-et - jotte!
(¢-3)" (et)*

X2
at the point (1,0.5).

dy o) () = X007 2k (14X - X

A (1+%)* (1+x)*

oy L 20l 2| g y-05 = 045 (x-1)
dr oy B CI)? g

axer & A(%)

() = ——
1+\/)_('.\bc)() b(X\’\’\'R M b(x)-—zﬁ

Example B. Find the derivative of f(x) =

~> /(%) = (LHO/- ¢* & b (e

= het ¢ bxe”

al¥) = 4x e

£15) - /(N LX) — af® b’
(bm)*

= (ke + kve?) - (HIR) - lyet 2'—5(

( 1+ X)*
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Problem 3. If f and g are the functions whose graphs are shown, let v(x) = _f(x)

g(x)’
-y/\

T/

N
4

Vv

(@) From the graph, compute f(4), g(4), f'(4) and g’ (4).

f=3 {6 = sbp o e fiw G f0) o o = S7Z .

' g G 90) bom = 23 -
900 =2 g - spe o He S GG @)oo

|
wu

(b) Now compute v’ (4) =

J'C#\J(H\'f(tr\g;(‘t) R _a

) = ry
2 7 |2
q(%) 2
Derivatives of Trigonometric Functions.
y
This is the graph of y = sin(x) X
y
. dy _ ,

Let use this to draw the graph of I o (sin(x))

d d .
Derivatives of Trigonometric Functions I. . o (sin(x)) = (/050(\ . - (cos(x)) = — gﬂ 0()
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o > EIR)
Example C. Let us compute the derivative of tan(x) = sm((x))
cos(x) 3(7\)
. ’ . /
INXx)+ X — SNk - (@SK
L (fanx) = (sinx)"+ X fxc )
dr (eos X)
= wsx-wsx - sk (-Snx) (i x)+(sih X) i
(cos X)* (e x)” (Ces X)
= (sec X)
0L
Problem 4. Find the derivative of f(x) = F(X)_) b(}\)
| (- gink — 1 Csinx)’
(sin X)
= D-sinx - I-(sX) _ - (esx
— . R
(sinx)* (sinX)
= =1 .[Ei = —C«L X CRAX
SNy sinX

sin(x)

tan(x) = cos(x)’

csc(x) =

sin(x)’
d 2
. (tan(x)) = (SGC X)

° %(csc(x))= -C&CX - CO{'X

Derivatives of Trigonometric Functions II. The remaining trigonometric functions are

1 cos(x)

sec(x) = tan(x)  sin(x)

cot(x) =

cos(x)’
d 2
« —(cot) = — (€56 X)

SeC XK - 4an X

d
* o (sec(x)) =
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Problem 5. Compute the derivatives of:

(@) f(8) =tan(0) —4sin(6) (b) g(8) =sin(0) cos(8)
) ! = A ) . ’ - A D)
(o) = A (fand) - b 4 (sind) g(0) A (sn®) -6 + smb - A (s
9 - — aM —
AL T 19 do dd
- (%9)2’—- ll'fb%@ * = s 0- w0 + ‘4’4'\9(,"5’"9)

(59" - (sin8)” &

Problem 6. Compute the derivatives of:

cos(t)
1 —sin(t)

@ g(t) = (b) f(t) =e’sin(t) +t% cos(t)

"

’ /
(k) (1-sind) = @8- (- sint)” £ty = (ebsint) + (£ wst)

(1- sint)z

3'(-(7) - / /
(€%) - ant + €* (sint)

\

() ast + £ (ast)

{

(-sint) - (1-sint) - ot (-est)

—-'\‘tL .
(151 . ebosint + ¢f wt

2 + 2t st - t- sint
_ gt + (sint) + (@)

(1-srt)

\

ef- 1) sint + (et +21) - ust

- -sint + 1
(1- sint)>

"
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Problem 7. The figure below shows a mass attached to a spring which oscillates back and forth on a smooth surface.

equilibrium
position

|

T T
0 X X

Its motion is given by
x(t) =8sin(t),

where x is measured in centimeters and t in seconds.

(@) Find the velocity and acceleration of the mass at time t.

vdpai{y = x(t) = B st
accdoation, = X' (1) = %(x'm% -8 sint

(b) Plot the position, velocity and acceleration on the same axes. Note points on the graph where the mass is at its
left-most position, its right-most position, and where it is passing the equilibrium position. What are the possibly
accelerations and velocities at these noted points?

velocity

dcceleration /\ /\x(t) _— Mass  ak o &64’ - most

/A, /\/( £ e X(£) do M nyolie
/

\

/ \ / vJooHy =0 acedorhm st Fos?ﬁve

=]

V
\\/\ i mass ok o vight- most .

"\ / \\/\‘\\

\/ / 7 \ W £ whee xX(t) o most Posl-\we,

(=)

NN vebouty = 0 acceloratn  most wgaz'w

A W
\_ I)abg;yg e e%uﬁhbﬂm FF\MT

w}w‘g = yayimwn  acedorahm =0
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RECAP PROBLEMS

The aim is to review Day 7 material; so have the filled-in Day 7 notes in front of you as a reference!

Recap Problem 1. Compute the derivative of 54x — 7% + 11.

Make sure you have reviewed derivatives of general exponential functions for computing the derivative of 7%

Recap Problem 2. Compute the derivative of the following function by applying the product rule once
4e* - xx

First re-write x\/x as a power function, and then apply the product rule.
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Name: ﬁW(IMOQ

Day 9. The Chain Rule (based on Sections 3.2, 3.3)

Learning Objectives

¢ Identify composite functions and apply the Chain Rule to find their derivatives.
e Combine the Chain Rule with the product and quotient rules.

e Use graphical information to compute the derivative of a composite function.

The Chain Rule y
This is the graph of y = sin(x) and d_y = cos(x)
grap y X ax
s stepA
L . dy
This is the graph of y = sin(2x) X and I 2 mc2 x)

Example A. Suppose we are hiking and know the rate of change of temperature with respect to the change in
altitude, and the change in altitude with respect to time. How could we find the rate of change in temperature with
respect to the change in time?

TOMfO(N‘W(C K Aba'{;md—im#a%ﬁdz o . K= f(a)
Athlde o ioaﬁwuﬁmﬁg-ﬁwt. a:g(t)

K = far= £(3(6)) ~ Ej;‘( - ($ge)

= ['(at)- %) = § () g@t) = 4K da
fqu) gt =@ gl = 28 2

Chain Rule. If f and g are differentiable functions such that we can consider their composition f(g(x)). Then,

JA— (f(jm)) = £ (4) 9™
1
In Leibniz notation, write u = g(x) and y = f(u), then

dy _

dx du dx
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Example B. Let us compute the derivative of V2x + eX.

X
Step 1. First find two functions that above function is a composition of: 7£ ()Q = Jf , a (X) = 2x+¢€

[ox+e® = f(g(w)

Step 2. Write down the chain rule to identify what needs to be computed:

flgo)" = £'(9) - g

Step 3. Do the relevant computations using shortcut derivative rules:

|
2)2x+e"

/ _ " ’ . Yoo _ 1 I( ()()) =
=2+ f0=Lx R 14

Step 4. Package everything and write down the final answer, and make any simplification you wish to make:
_ 7 _ [ /
d(Tmre) = f§0)° = {'(90) - g'(x)
dx

z+e

2 {axte*

—
-—

Example C. Let us compute the derivatives of:

@) h(x) = 2e°+ @ (f(x))?

= £ (3(0) = a(f(0) whot (R)=X"
whire  F00= 265, JI=XH] 510y 2 0 o (0]
9'00=2x, (%)= 2¢* = 20
0 ($00) - £ 'x)
2.4 - £(x)

K4\

(g0 = 2% - 2| A ()

\

]

)= £300) g’ = 26
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Problem 1. Compute the derivatives of:

(@) f(t) =sin(t?) (outside: sin(t), inside: t?) (b) k(8) = 3e25in(®) (outside: 3¢9, inside: 2sin(8))
alt) = sinlt), b= 1" a(e) = 2%°  b(p) = 2 einlh)
fit) = alblt)) L(g)= a(L(h))
fle)= a'Colt)) - b'G) k(o) = a'(b(®) - b'(8)
in B
= () 2t = 3¢ - 2ush
(©) h(x) = \3/)(2+1T =(xZ+x+1)7"3 (d) g(x?) and g(x)
1) = X b(x) =1
tete §(6) = g(b(x) whre b(X)

i\

3'(b(7\)) - b'(X)
= (jl (7\2’) - X

- _ ' & 3
ay= X b= K K4 ;&(3()«))

W)= a' (b)) b(x)

- 1/3
.(xl+x+t) %- (ZXJr\) 3..'3()0 = a(g(x)) whre a(X) =X
s

%(z@ﬁ)) - a'(g00) - &)
\L}.(j(m’z"’. 9'(x)

-

-1
>

- (2%+1)
3 ()

\!

\\
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Problem 2. The graphs of f and g are given below. Let u(x) = f(g(x)), v(x) =g(f(x)) and w(x) = g(g(x)).

-y/\

/ —/

' g
N

N
Vv
>

Vv

(a) Compute f(1), g(1), f'(1) and g’(1).

fO) =2~ £y 270/1-0 =2
8(”=Ll— M 8'0)=' L\"‘Z/‘._-\g = -

(b) Compute f(g(1)), g’(f(1)) and g’(g(1)).

_ L
flgt) = £ = ——, ° &

3,(1‘:0\) = 3'(2) = glmz—\ ((\,30))& (2,3(2)) o Hw M!%nﬂ)

(c) Use (a) and (b) to compute u’(1), v/(1) and w’(1) using the chain rule.
U’(D: ?(1(8(”) 310) vl(“): gl(f“n "f'(l) W,(ﬂ= J’(j(n) .J’(l)
_ . L -
(1) =~ (2) 5 1)

—
—

-1
Lt

= \
:-—I- = -2 - 9
4 2’
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Example D. Air is being pumped into a spherical weather balloon. At any time t, the volume of the balloon is V(t)
and is radius is r (t).

av dv
(a) What do the derivatives @ and T represent?

AV instordanznu vite ag()wge vg\fdﬁmﬂ W inctomtamems vite vgdwge vﬁ\/dfwww
I uith et B Ao ot It il rugect B fing
(b) Express % in terms of ﬂ

- 1 PP aLV _ L}T\'(BT")
V= %vr % _\_’ = 3
Cham vuly - AV = dV_dT’_ = LH”'L' dr

—
—

A Ar o v

Lyt

Problem 3. Please use Desmos for this Problem by visiting: https://www.desmos.com/calculator/kaalwsaqlm

Blood alcohol content (BAC) after consumption of a single alcoholic drink (15mL ethanol) can be modeled by the con-
centration function

C(t) =0.00225t - o —0-0467t

where t is the number of minutes after consumption of the drink and C is measured in g/dL. (dL = decilitre = 10~ "litre)

(@) Plot C(t) on Desmos and discuss the features of the graph. Does this look like a reasonable model for BAC?

.

Tt stk of 0, hos 0‘0“1“(‘/“’L peak.
Hon +af0rs vﬂ? M an Cﬁfmm%k«ﬁ Way
Mutcles Hhe intustion. *f"’ Jow afcohol

may odue ad Aot He blowd  sfream

(b) What does C’(t) represent? What would it mean to have C’(¢t) = 0?

C'(4) reprsonts 4o rofe at which alwhot o loeirg procassed | rmored

«6ram Ao Ulowdsteam . C'(0) = 0 mons  indamtoreont ok at 1=0.

Tn Hhio caze, Hin dn o peak of (), whoe C'(%) ”““”g% fom fm'—b‘ve
$H rugaﬂ{ve
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(c) When does BAC reach its peak?

N woy we Dot do find E which, C'(£)=D,

At Huie F«ak, C'(t) = 0.01%#7

(d) When is BAC decreasing most rapidly?

Hmwcwﬁwatva&uwhme \
C'(¢) 4o most mgaﬁw which  wiuld

C (1)
scewr whe c"(¥)=0 \
(21.41328,/0)
. R ’ - m_b 0 20 40 60 80 | 100 __+26— 140 160
(Abwg Deamos, we 6»& ¢ (t) un it

(4382655, —0.0003045)

negative whon 1 = 4283 T
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RECAP PROBLEMS

The aim is to review Day 8 material; so have the filled-in Day 8 notes in front of you as a reference!

Recap Problem 1. Compute the derivative of

Recap Problem 2. Find the derivative of

2 cos(x)

tan(x) - tan(x) + m
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Name: ﬂm&ﬁ&g

Day 10. Implicit Differentiation (based on Sections 3.5)

Learning Objectives

e Distinguish between explicitly and implicitly defined functions.
o Apply the Chain Rule to differentiate variables with respect to x.

¢ Find the equation of tangent lines to non-function curves (circles, hyperbolas).

Chain Rule. If f and g are differentiable functions such that we can consider their composition f(g(x)). Then,

%(f(g(x))) = f(30) g’

Implicit Differentiation

Example A (Motivating Example). Suppose we want to find the tangent line to x? + y2 = 16 at (2, —2V3).

dy
We h th int; d the slope! H find —=?
e have epo;-n we need the slope! How can we find — [
One Way. ‘(j = 16- x* J J k

~

S ndlll
3 =i.lls—x1, Pick. 3=<l16«x1 m}

sine (2,-293) 1 m it l

<

.
-Jlo-xx = f(g(ﬁﬂ whare 3(ﬁ3= 16- X
F00 = - % 7 (2,-20%)

b o) = I gl

- [6" AZ ~ M
dx AITERS , Kg’m Semvivech”
~ £l

da 2’ = ._2'__ = __%_ = _2/-— = ""l'_

< = 2 Jwls VO
ke J—(i m

dr g=2 “6

Another Way

Do nt ohve %"f}j Mok J»%Whaﬁvg xEt a”: 16
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i\

dA A{ 2 2
&ﬂﬂ ;;“*5)

d

~y 02 2
AX

A 4

- 2)(-{-‘ Z _5; ~ ) =

d d¥% o f

‘%/ dg = —Z —-

A (2,-213)

Equation of the tangent line:

l

i (X

y-(-213) =

(1) + i‘; (4*) = 2x 4 :Ttﬁ(gz)

~2)

Explicitly-defined Equation

Omgm /soM{fwg? Yes

C\j= 8/31'\:(7()

7&3=§3 Mg 3

Implicitly-defined Equation

Camgm AM{« 37. Np !

Y+ g+ 2 = |

Differentiating a Function in a Dependent Variable.

Let y be a dependent variable with respect to an independent variable x, therefore it makes sense to consider

y =

Suppose now you were given a function in y, say g (y).

2 gy = 0%2_) (j (4))

Ay
A4

Then, by the chain rule

o dy) Y
= g9 4
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d
Example B. Consider the equation x> — 3xy + x?y3 = 1. Find d_y at (1,0).

A (g 2hy 4 K Y8) = (1)

5
a5 s 1
() - [y + %oy [ e G ] =0

frmiuof vule

2% - 3(3+ xg’) + <2xg3+ x> (3313/)] =0
'swm.m&gm\.
Ftn(‘j ok (1)0), f\ugmxlm\a 0 ovd &l dor y/
21 - 3004 1 y)+ (21074 1% 507 y') = 0
2-33’30

~ 3’ = 2/3

Problem 1. Consider the hyperbolax? —xy — y? =1

(a) Differentiate the equation x> — xy — y? = 1 implicitly. Do not solve for y’.
/ I _
2x~(3+x(j)—2(w =0
—_—
produck Tule,

(b) Compute y’ at the point (2, 1) by plugging in x =2 and y = 1 into your answer to (a).

222 - (14 z(j')—z-lg’:
h- (1+2y) - 29 =0 ~» g =
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(c) Find the equation of the tangent line at the point (2, 1).

g1 = ¢ (x=2)

(d) If there is time, use Desmos to plot this hyperbola together with the tangent line you found.

Example C. Implicitly differentiate 1 + sin(xy) = e¥ — x and compute y’ at (0, 0).

d | _ oA (ot
J}Z(H sin. (4y)) M(e X)

0+ css(xa (Xg E 6g~g’~l
d\ammﬂb

s (xy) (4t xy') = €'y’ -]

¢y -

0 = y-|

’\/\/\?

tot (0-0)- (o+oéj)

Problem 2. Consider the curve: cos(x + y) =2 —eY

(a) Differentiate the equation cos(x + y) = 2 — e¥ implicitly. Do not solve for y’.

_5,‘,1()(-\-3). ()H-g)j = 0 - 63_2’/

— sin (%4Y)- (1+Y') = -Cg-g’



Day 10 Worksheet Page 5

MATH 111 (W26)
(b) Compute y’ at the point (0, 0).

—5in (0+0) - (I+Yy') = ey

} 0o =4 g0
sn(0)=0

(c) Find the equation of the tangent line at the point (0, 0).

(d) If there is time, use Desmos to plot this hyperbola together with the tangent line you found.

Example D. Consider 1 + sin(xy) = e¥ — x. Compute y”" at (0, 0).

W we diferonnialdh Hhe fist ine ( Framgle C), e git
s (%) (Yt %) = ey -1

e o&%m«mﬁaﬁ agam

—sin () (yray) - (gray) + ms i) (y'+y'+ %)

- 65-3’-g’+ e”'g”

B fid Y ab 00), plog in (ky)= (0,0) & ' ar (0:,0)
=\ (Example C)
~ginD- (04+0-1) - (04 O-1) + w8(0)- (W14 0y") = €1l 4"y

2_____,_{_3” AAD igilzls
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Problem 3. Consider cos(x + y) =2 — e from Problem 2. Compute y” at (0, 0).

W we d%e/(mﬁaw e, ﬁrﬁ +mg (Pm!bl(wn Z)/ we gv’t ;

— 5in (Hg

e &‘%m«mﬂiaﬁ aﬂw//b

)- (14 y')

- —@'4.3/

- tsd (+y): (“5')'('*5') - sin (&+4)- Y

eﬂ_ 3/_ 31 _ 6g

To find 5"wt (0:0) ,

ar (0,0)

m (%y4)=(0,0) & Yy
i 4 5,0 ( Prolglem 2.)

-¢°0-0 - €Y’

_ w8 (p40)- (140)- (1+0) - sin 60+o) _

Differentiating the Logarithm

Using Implicit Differentiation to Compute the Derivative of the Function y = In(x)

4

y ) . o4
B B B

. [ ] - |
Wh«kmg’? clj = Eg - X

g =

Derivative of the Natural Logarithm. Given the function In(x), we have

d i) = L
olx( X




Day 10 Worksheet Page 7 MATH 111 (W26)

RECAP PROBLEMS

The aim is to review Day 9 material; so have the filled-in Day 9 notes in front of you as a reference!

Recap Problem 1. Compute the derivative of
g(e) — 23Sin(9)

Recap Problem 2. Compute the derivative of
X

fx) =

This requires both quotient and chain rule.
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Name: A&Mlﬂig

Day 13. Logarithmic Differentiation (based on Sections 3.2, 3.3)

Learning Objectives

¢ Differentiate natural and general logarithmic functions.
e Use logarithmic differentiation for "variable-to-the-variable” powers.

o Simplify differentiation of large products/quotients using log laws.

Derivative of Logarithms

Using Implicit Differentiation to Compute the Derivative of the Function y = In(x)

= AN g::-X —_— g /:
Y= In (%) y € m ey = .
Y= 7 ity 77378

—

L
X

Derivative of the Natural Logarithm. Given the function In(x), we have

d =L
;&(}Mﬂ) "

Example A. Let g > 0, then

()
In (@)

log, (x) =

d
Let us compute a(loga(x)).

oA ) o L A O
X(%u) T gk U@ > In(@) ot )

—_—

Ay

N N
Mn(a) X

Derivative of the General Logarithm Function. Given the function log, (x) where a > 0, we have

U S
f\;\”“’jam) T X
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Problem 1. Compute the derivatives of:

@ In(t2+1)
chain Yl ¢
sdside : Ee) 5 insidde 1 +)

r

(x- ()

(b) x - In(x)

= (X) (¥ + x-(,%(ﬂ))/
- (0 + L @

A (faltt) = = 2
# b (N + ]
(c) —In(cos(x)) () In(In(x))
/
1 Cont)| (k) = L

(—J&w (s (% ))

Logarithmic Differentiation

YA

We know how to differentiate

power functions, for example:

Vo wo\e\_; e

() = 2x

conclant

More generally, functions of the form:

(¥

% — :
What about the derivative of functions like: XI 4_/ Va/fla)ﬂ]/e

(¥

exponential functions, for example:

aniakle
{'leQ“'W/\* N — van

() = 2" An(2)
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Method of Logarithmic Differentiation. This is a tool that combines the algebra of logarithms with implicit differ-
entiation to find derivatives of expressions that may otherwise not seem to fit with other rules of differentiation.

Steps in Logarithmic Differentiation

1. Take natural logarithms on both sides of y = f(x) and use the Logarithm Rules to expand the expression.
2. Differentiate implicitly with respect to x.

3. Solve the resulting equation for y’ and replace y by f(x).

Recalling Logarithm Rules: Let a > 0 and b and ¢ can be anything:

st Jod () + Joga () + s, 2] = Joga (1) = dog, (¢)
e log,(b) = Y I"J“ (b)

Warning: The following “rules” are WRONG:

o log, (b + ) = ﬁsga 09)'\' ,(’ogaCC) is WRONG
e log,(b—c) = /%a_(b) - ﬁ’gq,(c) isWR___Q_N_G
o log, (bc) = /@A (b)- /&70_ [C) is WRONG

(i) S/ g, )

Example B. Let us compute d%(xX) 5\’6?2 .
_ o Loy'= a0+ 2 L
5@0. (‘j—- z y d

2
Siefl, An (Y = (%) 5*‘{’3'31: (,&n(x)—bl).g
= % In(x)

= (ﬁ/\('ﬂ“H) ‘11‘




Day 13 Worksheet Page 4 MATH 111 (W26)

Example C. Let us compute the derivative of (x2 + x)s"*)
sm(t)

Stp0. § = (1"+2)

smx) ‘
Skp L. Ay = dn( (274 2) ) = Sn0d An(2 )

Step?. 5,.3’ _ () g (K% x) + sinen) L (2xn)

|

d
Problem 2. Find d—i for the following functions:

@ y=(x*+7) A %(Z) = %y\ ((XL"}' %‘—)O = 7& _/&A(xz'l'q)

I *, 1) + - 1 . 2x
Loy’ = In (X +7) 1t

Z

5': y- <ﬂn(x+4)+ =

R

Z

(¥+1)". <’W“4) o

I

R
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(b) y = (x-INX)OW AN M(j) = CGGSC)() %(X%(X))

Loyl = gnl I (xAn(0) + 800 L (b0 +!
Y sn(x)- n (x An(x) L ( )
’ - anl) A (X (25 () (x) +]
J _ 3( gn()- n (% In(0) + ,Mx (/{;,,“_))
i
m(ﬁ(_ sn(x)- ,%(X'/%(X)) + (5(X) (/%[7&)1-1)
(X-/@m(x)) - ,MX
Iny) = (X An(n(¥)
! - fn(n(¥) dn(0)- L L
‘j'?ﬂ:\’xﬁn( )+ Inx) X
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RECAP PROBLEMS

The aim is to review Day 10 material; so have the filled-in Day 10 notes in front of you as a reference!

Recap Problem 1. For the equation x> — xy + xy? = 1, compute y’ at (1,0).

Recall. Differentiate but do not solve for y’. Plug in your point value at then solve for y’ to obtain the answer.

Recap Problem 2. For the equation e**Y = cos (xy), compute y’ at (0, 0). (useful: sin(0) = 0 and cos(0) = 1)

Recall. Differentiate but do not solve for y’. Plug in your point value at then solve for y’ to obtain the answer.
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Name:

Day 14. Related Rates (based on Sections 3.9)

Learning Objectives

e Identify the known and unknown rates in a word problem.
e Construct an equation that relates the quantities involved.

e Use implicit differentiation with respect to time to solve for an unknown rate.

related

Quantlty1 <———————————————————>Quant|ty2
'

N7

Independent Variable
for example time t

R— Ra\:t!e ,T< ----------------- > ‘?{a;‘; 2 —/

related

N

Example A. Air is being pumped into a spherical balloon so that the volume of the balloon is increasing at a rate of
100 cm?3/s. How fast is the radius of the balloon increasing when the diameter is 50 cm?

Mevie S5 Mfshd‘

S \

Velume V df\ﬂ”g'y with g 2v= drawmetor = 5D cm
Raduss v J\wgwg with, firet r=25em

V = .L_\'_ T\-Kg A’V_ = ,OO CW’Z/.s é{- = 9
3 M ok
2 o?r

= 00= 477 (25) W

(R=Sty
[
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ot otV
W
d¢ _ _loi, , * .—1-— CM/G _
n LT (25) 25T N~ wwit v €

Problem Solving Strategy for Related Rates.

(1) Read the problem carefully. Note that the problem involves two rates, one given and the other unknown.
Key phrases include how fast and at a/what rate.

(2) Draw a picture. Introduce notation - assign symbols to all quantities that are functions of time.
(3) Identify the givens and unknowns. Attend to units.

(4) Find an equation relating the two variables associated with the rates. If necessary, use geometry to eliminate
additional variables through substitution.

(5) Use the Chain Rule to differentiate implicitly both sides of the equation with respect to time.
(6) Solve for the unknown rate.

(7) Substitute in the given information.

Warning. Do no substitute in the given information too early. Differentiate first!

Example B. A cylindrical tank with radius 5 m is being filled with water at a rate of 3 m3/min. How fast is the height
of the water increasing? The volume of a cylinder is mr?h, where r is the radius and h is the height.

Voums, V' charging, - wrids = Huie
Haght b, chonyitg, whils = m .
Radius fised 1= 5
V= Tc*h = 15 h = 257h v

O{V - X5T- d_/l'} hot
i S

/
d g N

= > /min  dh
oAk

{}

5m

3= 257. dl"/o{* it d%{t: %5#
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Problem 1. The radius of a sphere is increasing at a rate of 2 cm/min. How fast is the surface area of the ball increasing
when the diameter is 8 cm? The surface area of a sphere is 4mr?, where r is the radius.

ng, wlh = cm>
Serm ona. S cﬁalgfg cm I
Reduss " churging, - umi = ¢
0_t§ = ZHT'ZYO,{’[ = 8Trré£
okt M At

2r= dhameter = Tem, Ok = 2cm/min O_\f :?
~o (= bem oM

Snafsho’r :

—

o

Problem 2. Alarge block of ice in the shape of a perfect cube is melting such that it maintains its cubic shape. The volume
of the ice is decreasing at a constant rate of 27 cm3/min. How fast is the length of the side of the cube decreasing when

the side length is exactly 3 cm? The volume of a cube is s3, where s is the length of the side.

VM \/ le UA)OS Mﬁgl WM}/T) = cme \/: 53
Sl X‘”g% s Og ke Mig, Wl = cm
0W/0{7t = 28 ds/pu'»

/oQuﬁeasiv\g
Snmfsho#: S= dem, OW/M = = 2% cm®/ yum ds/ﬁ =7

s - 3.1 (%)2- = bhm on/yin

2 _ 3
-21=3"% ﬂ%ﬁ D 0%& T 3 = —| Cnin,
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Right-angled Triangles & Trigonometric Functions. For the next few problems, it will be useful to recall following
facts about right-angled triangles. Let 6 be one non-right-angle angles.

Pythagorean Theorem OT)F

o) _a
sin(@) = — = C)
. c 2+ br=c” hyp

- P cos(9) = Mé -

Example C. A person walks across a stage at a speed of 4 ft/s. A spotlight shines on this person from a location 20
feet from the person'’s path, rotating to continue shining on the person as they walk across the stage. At what rate
is the spotlight rotating when the person is 15 ft from the closest point on the path to the spotlight?

(a) Draw a picture and introduce notation for the quantities discussed in the problem statement.

Mevie RN 5rwf5hlﬁ' L xR

20 | © 20 | ©
b >

1 e distonce brovn%fvrsm o e cdosnt Pmntmﬁw faﬁmﬁw
|

(M, ﬁ)

0 i the angl bmmmmwﬂtw%mhmw
(in Yodons)

(b) Use this notation to state what is known, and what is unknown in the problem

dX 4%

:(_7 WWM' X=|5€t

B
ok
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(c) Provide an equation that relates the known and unknown quantities.

fom (9) = X/ZO 1

'3
20
(d) Differentiate the equation from (c).
2
sec*(p) . 40 _ L dn
20 dft
(e) Substitute known information into the result from (d) and solve for the unknown rate.
SMfshoi :
| dd oy ) =25
- % = —. 5 9=2
(B oM 20 =15
0

20
b - L. (o) o
ot ) 7 + 19 =20

9

e J.(i) - _l_(z_- TOd/ﬁ
O \5 125 8B = 20

2.9

$
|
]
o
Ul

b
5

Problem 3. A rocket is launched vertically and is tracked by a camera positioned on the ground 5000 feet from the
launchpad. The rocket rises at a constant speed of 600 ft/s. How fast is the distance between the camera and the rocket
changing when the rocket is 12000 feet above the ground?

Do not rush to solve the problem: I want clear answers for each step/part.

(a) Draw a picture and introduce notation for the quantities discussed in the problem statement.

Movie S,\.fsho’f'

N N
— o X J—

5000

5000
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(b) Use this notation to state what is known, and what is unknown in the problem.

X _eo0 B Y _9  whn X = 12000
At ‘ﬁr g’t"- W ﬁ—

(c) Provide an equation that relates the known and unknown quantities.

2
X*+ 5000 = Y

(d) Differentiate the equation from (c).

2% é’l(. = Zg _OB
]

ok

(e) Substitute known information into the result from (d) and solve for the unknown rate.

A
) ) =2 2 5()-;\'5000
2-12000 - 660 C‘} pr y y =1
=12000 [WW{W
dy 212000 (00 5000
s 24 000"+ 5000 = 7
2000 ¢on = 200 fifs 2% = (3000
12000 1%

Problem 4. Aladder 10 ft long rests against a vertical wall. If the bottom of the ladder slides away from the wall at a rate
of 4 ft/s, how fast is the top of the ladder sliding down the wall when the bottom of the ladder is 6ft from the wall? How
fast is the angle between the ladder and the ground changing at this same moment?

woll —
4.1)
& [0 Oaddor
{ '
n z b
—
JI:L‘,

more space on the next page —

=
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Q'wm di | , W wigh 10
o

n Olé_ whn X = 6ft
o Ak

A S VO W
2R Ly -0 > 24

‘TR SO

Nen  X=6, 2 10 f\ﬁ = —_gé.q = -Bft/s
we e M

@ Ubiﬂ% w0 = %6 We o!){s{)e/rwd'iaib with ch’of Wt

: Y o . -L. L &
—'5"\9‘ j—-j; = [—D A—-t_ D J-fl S\ﬂe lo dk
N X=6, 10 -0 L 4 o=l
g A_’Q = 'g ' lo Ll- 2 w{.s
W¢ W 0 d},
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RECAP PROBLEMS

The aim is to review Day 13 material; so have the filled-in Day 13 notes in front of you as a reference!

Recap Problem 1. Find the derivative of v/In(x4).

Recap Problem 2. Compute the derivative of

y = x2 . Xcos(x)

using the method of logarithmic differentiation.
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Name:

Day 15. Related Rates & Error Approximation (based on Sections 3.9, 3.10)

Learning Objectives

e Solve Related Rates problems involving changing radius, angles, lengths.
e Define differentials and understand their relationship to actual change.

e Estimate relative and percentage error in physical measurements.

Problem 1. Alighthouse sits 3 km off the coast of a straight shoreline. The point on the shore closest to the lighthouse is
labeled P. The lighthouse beam rotates at a constant rate of 4 revolutions per minute. Determine the speed (in km/min)
at which the beam of light travels along the shoreline at the moment the beam is 1 km away from point P.

Make sure you have converted angle measurements into radians: 1 revolution = 360° = 2m radians
I have drawn the “movie” picture.

Start by assigning variables to things that are changing with time. lighthouse

(o

v - /min = b QT 1M [ min
. = B wd fmin

Movie

vy

3km;
M _ g whem %= |km
M i

fom O = %wv Sec*(p) 49 .

NN Y

= %oT km [min o
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Problem 2. The volume of a spherical ball is increasing at a rate of 4 cm3/min. At what rate is the surface area of the ball
increasing when the radius is 8 cm?

1. First express dV/dt and dS/dt in terms of dr/dt. 3

4 2
Volume V = gnr ; Surface Area S = 4nr

2. Use the information given to compute dr/dt. where r is the radius

3. Use dr/dt to compute dS/dt.
_ S J
Sz bt s 45 - &7y dr
V olt ot

/

= b ® s A&V bt dr
% At b

v = b ewd[min d/s, =9 whn r= & em

—

o

2 e _ L
g~ et AL s o b (B AL e Tp = oo

AS . Gn- () L = | sz/min,
Chw

Error Approximation

Approximating Error. Let y = f(x) be a function that depends on x.

Let Ax be some small number, and we may consider x and its change with Ax: x + A X

With these, we may consider the corresponding:
FO ot f(R+ AX)
We are then interested in computing or estimating:
Ay = F(x+80) — £(x)

The more complicated y = f(x) is the harder it is to compute this numerically.
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dx=Ax

0//// X x+Ax

=Y

Differentials. Let y = f(x) be a differentiable function. The differential dx is an independent variable; that is, dx
can be given the value of any real number.

The differential dy is a dependent variable defined in terms of dx using the equation
dy = £(x) dx

Usually, dx = Ax but Ay and dy are different _
_» =4X

Ay = {(x+ &%) - fx) = 0\21 = f'[x)

Smaller the Ax, the better dy approximates Ay. This is evident in the image above.

Relative error of y is defined to be Percentage error of y is defined to be

ly B 4
Y ) J '

Mo T : V= %ﬂfs

N bt Ar “cwncefwg M AV = b dr
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Example A. The circumference of a sphere was measured to be 8 cm with a possible error of 0.5 cm.

Cirwmugxfona C = 21y

%= qwy > U= A oom

dC = 2 de ad dC= 0-5m
Adr = o(C/of{“W = (').5/ZTI cm

(a) Use differentials to estimate the maximum error in the calculated surface area. What is the relative error?

S= hmy* = 4w W bp o= 4/ em>

4s = gmvdr = BN by 05,y = Bfw m

45 AL Y

s em 8”7
2.57.

(b) Use differentials to estimate the maximum error in the calculated volume. What is the relative error?

V=T < b Tt = 256hpe g

—

AV = hwrdr = 4“'(4/1r>$ 0-5hw = o7% cn’

N/, = (lé/ﬂz)/(%%“z) = e~ 0-16%5

19-15 /.
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Problem 3. The edge of a cube is measured to be 30 cm with a possible error in the measurement of 0.1 cm. Estimate
the maximum possible error, relative error and percentage error in computing

(a) the volume of the cube; and (b) the surface area of the cube

(1) Let s be the length of the edge of the cube; volume V = s> and surface area A = 6s2.

Compute dV and dA in terms of ds. They approximate AV and AA.

V=8~ dV = 2" ols AV 2 38 As

A= [ ~o dA = 126ds AA = 125 Ag

(2) Uses =30 and ds = 0.1 to compute maximal possible error AV ~ dV and AA =~ dA, using (1).

210 ¢cm?

n

V= 32 As = 2(30)%. (0-1) = A0 em’ AV

AA = 126 ds = [2030). (0.1) = 36 em* AR % b om®

: o AV dv AA  dA )
(3) Relative error is given by vV and VIR Compute this for s =30 and ds = 0.1.

Mo 20 o) & 0ol
\ (30)° v

A _ b . 0.006F A ~ 0-006F
A 6 (0) A

N

(4) Percentage erroris 100 X (relative error). Use (3) to answer this.

‘PWW*D'Z% XA 9{ V'U(AMV\E e ”%ﬁwo = lv/°

~ A = 0.6F 7
Forw\kagc orrvroﬁ vea % 7\_“00 677
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RECAP PROBLEMS

The aim is to review Day 14 material; so have the filled-in Day 14 notes in front of you as a reference!

Recap Problem 1. Two cars start moving from the same point. One travels south at 60 mi/h and the other travels west
at 25 mi/h. At what rate is the distance between the cars increasing two hours later?

recall that distance travelled = speed x time
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Name: 'gwwvg

Day 16. The Area Problem & the Definite Integral (based on Sections 5.1, 5.2)

Learning Objectives

e Relate the area and distance problems.
e Approximate the area under the graph of a function using right, left and midpoints.

e Understand the Definite Integral as both the limit of a Riemann Sum and as signed area.

The Distance Problem. Suppose an object travels for 10 seconds with a constant velocity of 20 m/s.
What is the distance that this object travelled?

distana = veloody x Ime = 20 wms % [Ds = Loom
This is equivalent to the following:
/JAS'\'G.MCR

iz

Therefore, in general,

distane w0 area wndyy Hu Veﬂoa'y fraph!

The Area Problem. Let us consider function f(x) = x? which has the following graph:

Y4

-2 -1

N

and suppose we wish to compute the area under the curve between x = 1 and x = 2 (i.e., area of the shaded region).

We do not have a nice formula to compute the area under the curve since this is not a familiar shape like a rectangle
or a triangle or a circle.

L)
The main idea is to afl')'rﬁwmm with shapes using areas we do know! For our discussions, we will use

rectongtss |
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N
¥
>
N
¥
>

Step 1. Look at the interval [a, b] between which you wish to compute the area under the curve y = f(x). For us,

y/\

S ——

N
— =

X X %y 2

A 4

Step 2. Decide how many rectangles we will use. Call it n. For us, let us choose n = []—

b—
Step 3. Compute the width of each rectangle, which is given by Ax = Ta. For us,

2~ l
. —— = = = 025
Tk oy

Step 4. These rectangles will subdivide the interval [a, b] into n subintervals

[0, X11, [x1,x2], [X2, %3], - .+, [Xn-1, Xn]
where xo = a and x, = b. The right endpoints of these subintervals are given by

X1 =0+ Ax X2 =a+ 20x X3 =a + 3Ax Xi=a+i-Mx

orus, Yo =1, hy =2

%= 14025 , %= )+2025 / Xy = [+ 3-0.29
= |.25 =|.5 = |.#5

giving us the subintervals:

[, %] [%, %1 [, Xe] [%g, %y ]

[, r2s) [l 18] [15135]) [1.5 2]
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For us, it looks like the following:

Step 6. We may then approximate area
using right endpoints

Rn = f(x1)Ax + f(x2)AX + - - + f(xn)AX

= > oA
i=1

For s,
Re= £(125) 025 + £(1.5) 0.25
+ £(1.#5) 0-25 + (2)0.25
= (1257025 + (1.5)0.25
+ (1350025 + (20025
= 4.71315

Step 5. We have two choices for heights of our rectangles for each subinterval.
We may take as height the function outputs of right endpoints: f(x1), f(x2), f(x3), ..., f(xn); or

We may take as height the function outputs of left endpoints: f(xg), f(x1), f(x2), ..., f(Xp-1).

y/\ -y/\
=L DR
(i e
.4 W
z .F (ﬂ'ﬁ'
< T s s X < T s 2K
Vv right endpoints Vv left endpoints

Step 7. Finally, we obtain the true area by letting n go to infinity (i.e., making our approximations finer)

A=IlimR,=Ilim L,

n—o0

using left endpoints

Lp = f(xo)Ax + f(x1)Ax + -+ - + f(xp-1)Ax

= > FOi-)ix
i=1

= £(1y 025 + £(1.25)0.25
¥ £(15)0.25 + £(135)0-25

2 1
= (N0-25 + (1.25)0.25

2 2~
+ (19)0.25 + (135025

= 1.96915

nh—o0

Problem 1. Consider the function f(x) = 1/x and consider the area under the graph between x =1tox = 2.

y/\

N

—

we

AX
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(@) Use four approximating rectangles and right endpoints to estimate the area under the graph between these points.
Add these rectangles to your graph. Is your estimate an overestimate or underestimate?

3 3 ) . be _ L . 0.25
a=l, b=2, n=b Br= === =g

22, X = L25, ¥, =I5 = 179

F(x)- DR+ (k) Dx + f04)- A%+ £0x) A -

1 p2S + 1 p25+ L. 025
A .0.29 + 1.5 .35 2 L

B

R4:

~ 0.6545

(b) Repeat (a) with left endpoints.

L, = f(%)- b+ f(&)-Dx+ f4)- A + (%)) Ax
Lf . 0.25

| ¥
_ . 025 + r;l-_s,,O-ZS +7T5_ . 625 ET

~ 0.159% 1L L[]
T X K Xy 2
oudimadim, !

(c) (do this with me) Express the area of the region under the graph as a limit.

4=} bz2  Ax= b oL X = aticAx= 1+ L
n n

P

™ N S B
pRR I ORI .Zw(im n

( =1

N
>
A

-

1= |

n
L) - & b .
T AT 1

n— ®
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Problem 2. The speed of a runner during the first 2 seconds of a race is increasing and measured at half second intervals,
given in the table below. Find upper and lower estimates for the distance the runner traveled in these 3 seconds.

t (inseconds) | 0 | 0.5 1 1.5 2 2.5 3
v (in ft/s) 062108 | 149 | 18.1 | 19.4 | 20.2

(visualised here)

diling = 0.5 * Veﬂndy W 0-055 + 05« velouby 0.5 14
+ 0.5 x »/Joa‘y m =155 + 05¢ Ve()wHH an 1.5-24
+ 0.9 x »/e,()omg m2-254 + 057 Ve()po{{g wn 2.5-34
I e veﬂodjra oo 0.9 4 few‘o»l s I e ve@oa“ra m oo 054 fwio’l w0
Mvdpm'wdlr&rzbcgmizj% Mveﬁnoiyui#uzwdeé
Hwo fe/risd Hwo f(’/rieéL
dotang = 05*0 + 0.5 62 diotong = 0.5x 62 + 0:5% 103
+ 0.5%x 108+ 0.5 4.9 + 0.5« 149 + 0.5 * 131
+ 0.5 % 131 + 05+ 4k + 0.5 % 4.4 + 0.5+ 202

The Definite Integral. Let f(x) be a function. The definite integral of f from a to b is provided that this limit exists.

[ ds = fe > fl) 00

N30 =
If it exists, we say f is integrable on [a, b].

b
The definite integral / f(x) dx is a number; it does not depend on x. So, That is, we could use any letter in place
a

b b 1
ff(ﬂolx - ffﬂ)o{t =ff(r)dr

a

of x without changing the value of the integral
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Problem 3. Visit this Desmos link: https://www.desmos.com/calculator/rurbkpifdu. Approximate

r

X

X+ 1

using 10, 50 and 100 subintervals and both right endpoints and left endpoints. Change f(x) on Desmos.

What does this tell you about the true value of the integral?

n Rn Ly Rn—Lp VM "g Mﬂ/mﬂ/
0.965 | 0-952 | 0-133 .

° » betwen 0.908
0-415 0-38% 0.-02%3

” ond 0.395

100 0-908 0.399 | 0.013

Example A. The following limit is determining an area under the curve of some function f(x).

lim

i=1

n
2
Jim(> %

n
el Z f(%i)- Ax
[P

b _ 2 ;
SQ,AX*’V\T‘H f(X)
-
®

|

vy f(a-\' Zl/’\/) = |_|_<2\'/n)

~S QW‘\:]WWIZ : 'f(*\:'%(" la':

b=3

-

Determine what it is as a definite integral. That is, what is a, b and f(x)?

a+- Ax

l
T+ (@) fo dx

1 OR

R f(K)= — G=0
| O0R f0x) :

+%
b=2

N

Problem 4. The limit i
oblem e limit nmz

n /
> $04)Ax

- Ax

1+ X;

o f(x

1
represents an integral / f(x)dx. Whatis f(x)?
0

x X
|+ X; |+ X
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Problem 5. Shown below is the graph of f. Estimate each of the integrals by interpreting it as an area; remember to use

function output as height.
2 7 7 0
[rwac [Crooa [Crmae [ rooex

(think about what our width should be and what our height should be)

-y/\
:\: Q\
¢ §\\O—./,/\v Oq- > X
23 |5
X
yA
[foode = (2-0)1+ L (2-0)2 = 4
0

=
z
P -

>

I
N e
JRYY

\
()
~—
’l\
W
—
n

|
Ov

- | -2) . - =
z(53)3+(3) O

=
z
oy
S
S
F
4+
3
=\
|
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Computing Net

Y4

N

b
Area. The computation / f(x) dx gives you
a

P

A A
e

N

and therefore th

4

e resulting numerical value is Mx anea,

Computing Total Area

The total area under the graph of
y = f(x), betweenx = a & x = b,
is obtained by computing

b
f 469 dy

Properties of the Definite Integral. Let f(x) be an integrable function between x = a and x = b. Then,

Property 1.

a
Property 2. So, when b = a, we have/ f(x)dx = O
a

If g (x) is another integrable function between x = a and x = b and k is any constant, then

Property 3.

Property 4.

b b b
Property 5. /a fx)+g(x)dx = f -{—C‘f\) AX + f 3 (X) AX
e a

b b
Property 6. /a f(x)=g(x)dx = fb -F(‘f\.) AX — f 3 (X) AX
a

Let ¢ be another

Property 7.

Property 8.

Property 9.

/baﬂx)dx: —Jaf{x) A% sinte
b

[ro= k (b-a)

/abk-f<x>dx= L beC (<) A%
/3

n

number (traditionally a < ¢ < b)
b
c b
[ seodre [ 00 - f F1x) dx
o~

b
1ff(x)>0fora<x<b,then/ foode 0
a

b
If f(x) > g(x) fora < x < b, then }. JL(K) dx
)3

a-b _ _ b-#&
n n

b
[ 4R ax
o
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Day 17. Antiderivatives (based on Sections 4.9)

Learning Objectives

¢ Find antiderivative functions F of functions f like polynomial, power, exponential and trigonometric functions.

e Recognise antiderivatives as a family of functions; unique up to an arbitrary constant C.

Properties of the Definite Integral. Let f(x) be an integrable function between x = a and x = b. Then,

a 3 . _ b— a’
Property 1. /b fx)dx= — J Jc()() o!f\ I G—;Tb e - __'\'__.
b
Property 2. So, when b = a, we have /u f(x)dx = O AL a-4 _ D
’ n

If g (x) is another integrable function between x = a and x = b and k is any constant, then

Property 3. /bkdxz k (LJ" ﬂ')
b b

Property 4. /ak-f(x)dx: L f JC[K\A)(
[/

: b ’
Property 5. / f)+9g((x)dx = f -F('f\) d.)( + l' 3 (X) 0{)(
! ry

b
Property 6. /abf(x) —g(x)dx = fb -FC‘[\') AR — J 8(X) AX
[/

A

Let ¢ be another number (traditionally a < ¢ < b)

b
c b
Property 7. / f(X)dX+/ fx) = ff{)q Ax
~

b
Property 8. If f(x) > Ofora < x < b, then / fx)dx >, O
a

b
b
Property9. I f(x) > g(x) for a < x < b, then f FOAx > f j(")d*
o
*r
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Antiderivatives

differentiate differentiate

@ — Fl(x) :f(X) @ m

That is, given a function f(x) we are attempting to fill in the following blank

d( ? )=f(x>

dx

The Antiderivative. We say F(x) is an antiderivative of a function f(x), on an interval, if

F'(x) = (X

for all x in that interval.

Example A. Find antiderivatives of the following functions

(@) f(x) =3x? () f(x) =x?
g
X3, X3+ K/3 » Kfpt¥
(b) g(t) = —sin(t) (@ g(t) =sin(t)
s (t) — 8 [t)
© h(u) =In(2) - 2 (h) h(u) =2
n
27, M+ 2" 4n(2)
() k(r) = —— i) k(r) = —
2r vr
‘i3 2{v 2dr+ ||
1 . T
(e) a(x) = X 0 atx) = In(5) - x

)
M(x) M 4 ,&350\)
In (5)
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Problem 1. Find antiderivatives of the following functions

(@) f(x)=4x3+2x+1 (b) g(t) =e' +cos(t) (€) k(x) = %+:—( (d) fx)=x3+x+3

Y 2 t . y 9

K+ X +X e + sin(t) 2 X + Mo () Lo+ Xy 3%
4 2

Problem 2. Which one of the following graphs is an antiderivative of f?

L

v

The Most General Antiderivative. If F is an antiderivative of f on an interval, its most general antiderivative is

F(x) + C

where C is any constant.

Slogan: antiderivatives are unique up to a constant

Example B. Let f(x) = sin(x).

- (X, -s()tl, - as(k)-2

(a) List three antiderivatives of f(x) and sketch them.
(b) List all its antiderivatives. — (o8 (‘l\) + C

(c) Find the antiderivative F(x) such that F(0) = 2.
N

F(x) = - (W) +C

9 = F(o):—(,o&O-PC:’l-l'C m f\
VN \ VNG

C=3  F(x) = -ts(x)+3
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Table of General Antiderivatives

Assume an antiderivative of f(x) is F(x) and of g(x) is G(x), while o and C are constants

What whom differmtiafsd ZW% £ (¥)
What whm dég(,e/rwh'aw ZW% 3(’6)

Function General Antiderivative Remember | will be given
a-f(x) a-Fx)+C !
FOX) £ g(x) F(X) £ G(x) + C !
x" (whenn # -1) ::11 +C !
g1
XTTX In(x) +C !
eX eX+C !
- Incz);) *c !
cos(x) sin(x) + C !
sin(x) —cos(x)+C !
sec?(x) tan(x) + C v4
csc?(x) —cot(x) + C v4
sec(x) tan(x) sec(x) +C \/
csc(x) cot(x) —csc(x)+C \/
Example C. What is an antiderivative of a constant?
=C AN C X
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Problem 3. Find f that satisfies the given conditions.

Refer to the table in the previous page to figure out antiderivatives of each term; do not forget +C

@) f'(t) =Vt —2with f(9) = 4.

\h+|

- 0¥ 2/

/ > - Eg-{slz—zt +4@

h=4(4)= 1% -194C ~> C=h

(b) f”(6) =sin8 + cos B with f(0) =3 and f’(0) = 4.

use different letters for +C when finding antiderivative twice

f(9) = -~ 0 + sin +C —,
= fo)= ~1+C > (=5

f(g) = —5"’\,9 "6(759 + Co +D\

3 = ]L(o) = =l +D ~ D=4
f(8) = -smB-wd +50 +4

@
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1
() g”(t) = a2 wheret > 0, withg’(1) =1and g(1) =0

h

- j'm = —|4+C > (C=2

3(“ =-Int) +Ct+ D \
O:J(l) = C‘I’D ~> D= -2

) = = Un (1) t - ‘
J() + L 2-
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RECAP PROBLEMS

The aim is to review Day 16 material; so have the filled-in Day 16 notes in front of you as a reference!

Evaluate the given integrals by interpreting them in terms of areas by following the given steps.

1. Sketch the graph of the given function you are integrating and shade the area you have been asked to compute.

You may use Desmos for this, but reproduce a sketch below.
2. Identify the shaded area with area(s) of familiar shapes.

3. Compute the area using the formulae for areas of the identified shapes.

5
Recap Problem 1. / 2x — 3dx
3

2
Recap Problem 2. / V4 - (x—2)2dx
0

1
o Area of triangle with base b and height h is Ebh'

e Area of a circle with radius r is rr2.

e Area of arectangle with length € and width w is fw.
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Name: ’em/a”‘dq

Day 18. Fundamental Theorem(s) of Calculus (based on Sections 5.3)

Learning Objectives
e Evaluate definite integrals using the Fundamental Theorem of Calculus.

e Differentiate functions expressed as integrals using the Fundamental Theorem of Calculus.

Let us return to our discussion on area and the definite integral. The following theorem shows us how antiderivatives
help us compute definite integrals!

Fundamental Theorem of Calculus 2 (FTC 2). Let f(x) be a continuous function on the interval [a, b]. Then,

b
/abf(x)dx= F’(b) —F(a) = [F(‘F)]&
wee F iy an ophidorivkive o § v F' =

Example A. Let us compute . N 9
/1x2dx= [ XS‘X | mm W%Ml\ﬂihve— % X
’ o g So ﬁ

2 >
0 =

1
K3 3

—

|

\'é
E}

Problem 1. Compute the following. Refer to the table of antiderivatives from the previous class, e.g., on Moodle.

1
(a) / x2 dx, using a different antiderivative
0

! l 1> (03 |
.S = —+2) -3 tZ =3
= 3 + 2 : 3 3 3
1 4q :
(b)/ 2x3+5dx = 2- X + 5X
» r
-\
| Y 4
e -2 [Lysi) - (-5 10
2. 2 2
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Day 18 Worksheet Page 2
-1 -1
@ f, %= [ g K" dx
-2
-1 -1
-3
= [6 L} = {%‘X =
) -3 )( »
(d) /0 cos(8) db
m/2
0 . T
. - Sin =
- [5m 9] = sm0 s <
Ty
(e) /ezadu
CL 2
= ‘j% u] = }V\,C - /9’\«)
\

I
l

= 2

(1+0) -

1 - )
<-4 warr ||
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(h) Are you sure about your answer to (g)? Refer back to FTC 2 and explain why it doesn't apply
. ( . . ~ N
The ‘6umohm X 40 nwh contrmows on,  [1,3]  aine L s net
A

. wd & O
Qv “omswer ' a0 W"”‘é]" G&&M

Net Change Theorem. The integral of a rate of change is the net change:

[ rwe- F(o) - F(a)

Example B. If an object moves along a straight line with position function s(t), then its velocity is v(t) = s’(t), so

[roa=s(t,) - s(t))

is the net change of position, or displacement, of the object during the time period t; to t,.

Problem 2. A honeybee population starts with 100 bees and increases at a rate of n’(t) bees per week. What does

15
100 +/ n’(t) dt
0

represent?

IS

By Net Chawge Thurom,, [ n6e) ok = nCig) - o)

IS
Ne oure a‘wm n(0)=10. S, loo+ jn'(ﬂou,- = n(I5)
0

What is an antiderivative of e™*"?

A\ n -
No cdom avaner! W hae 1o conhucd it |

Fundamental Theorem of Calculus 1 (FTC 1). Let f(x) be a continuous function on the interval [a, b]. Define

X

g(x) = f f(H At then ¢’ = f (X)

A
a com be M«é}%tf\(f} in fhe dowain of f.
Tt Pbﬁs ne vole .

gisan Andidevivokive, of 0

This theorem is also called the Construction Theorem of Calculus.
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X
Problem 3. Letg(x) = / f(t) dt, where the graph of f is given below.
0

-y/\

N
A\ 4
~

A 4

)
(a) Evaluate g(0), g(1), g(2), g(3) and g(6) by interpreting them as area. J (0) = j f{‘ﬂ ou; = O
0

\\

=
J,ﬁ(ﬂobt =2
0

f J(e) = Jf(ﬂobt
F(4) Ak 0
; = F -4 =3

Mﬂw{ aNeR / \> Lower area

J(I)

\l
O

\\

] (2)

]
i\

3
J(s) = J F4) Ak
0
(b) On what interval is g(x) increasing? On what interval is it decreasing?
J(ﬂ Jo )n(/rzauﬁry on [0,3] sine A acw/mﬂwl{r(\j Pos'ih've men
(7(‘/\\ Jo o&(/reauﬁry on [33]) sine A aﬁmﬁa};r(ij mﬁaﬁw, M

(c) For which x does g have a maximum value?

3()0 rochs wax b R=3



Day 18 Worksheet Page 5 MATH 111 (W26)

Example C. Compute the derivatives of the following functions, using FTC 1.

(a) g(x)=/ Vt2 + 3 dt
0

9'(r) = xF %

(b) f(x) = /Sxmdt
£(x) = (kT Hh byumiy od-gint - (o conshet)
@ h = [ VT e

K
= - [Jgd®
J ~—

W = = R

(d) k(x):/ Ve2 + t3 dt
0
X

w0 = [ e KGO = alR)

Ddﬁirw, )

SRS &,I (X) = x7'+x3 a,/d ba JKWM- rufl

\

)" + (2&;)_3 - 2%

me

k) = o' () 2x

"
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Problem 4. Compute the following using FTC 1.

(a)%/j%dt}
) 4
X"+ X417
= T
(*+1)
(b)%/xowdt
X X :
= _Qt_ [_f Ain(ﬂou;} _ 0’[_ [J‘ M)M} :_smCx)
A Lt Av | )4 X

sin(x) X ,
oGl e g0 = [ A~ g K

\_/—«\—J

g(sim«) y Y
- f(g(s‘mx)) = g'(sint) o8k = dn*(R) @8 (x)
%

e -1
(d) o /0 In(t + 1) dt

X
where gm: {ﬂn(tﬂ)au? ~> J'(;a)=,&/\()(+|)

—_—

9 (e* 1)

- 4 (g(c*—\)) = ¢'(e-1): et = M(e) ¢ = x¢€
Ax

/‘/
(e*- 1)
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RECAP PROBLEMS

The aim is to review Day 17 material; so have the filled-in Day 17 notes in front of you as a reference!

Recap Problem 1. Find f(x) such that f’(x) = 2e* + sin(x) and f(0) = -1

-2
Recap Problem 2. g”(t) = = + 3, wheret > 0,withg’(1) =2and g(1) =0
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Table of General Antiderivatives

Assume an antiderivative of f(x) is F(x) and of g(x) is G(x), while o and C are constants

Function General Antiderivative Remember | will be given
a-f(x) a-F(x)+C !
FOX) £ g(x) F(X) £ G(x) + C !
x" (whenn # -1) ::11 +C !
g1
XTx In(x) +C !
eX eX+C !
- Incz);) *c !
cos(x) sin(x) + C !
sin(x) —cos(x)+C !
sec?(x) tan(x) + C v4
csc?(x) —cot(x) + C v4
sec(x) tan(x) sec(x) +C \/
csc(x) cot(x) —csc(x)+C \/
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Day 19. Indefinite Integrals & Method of Substitution (based on Sections 5.5)

Learning Objectives

e Work with indefinite integrals.

e Evaluate definite and indefinite integrals using substitution.

We first introduce a convenient notation for the most general antiderivative of a given function f(x).

The Indefinite Integral. Given f(x), its most general antiderivative is written as
] F0dy

and called the indefinite integral of f(x).

E(Q = f{moh B F'(R) = £(x)

Put another way, if F()() is an antiderivative of f(x), then

[$00dx = FOI+C € o anslurt

Warning. For a function f(x), we now have two different integrals:

b
e The definite integral/ f(x) dx is a number.
a

e The indefinite integral / f(x) dx is a function. In fact, it is a family of functions.

. 1
. sin(x) Problem 1. Compute / —  +46%+¢€%dp
Example A. What is / 6X2 - Sm ax? P COSZ(G)

. - 9 2 b
:[6)(2-_ \5 ' | ~51'\,()() J,X fSCC (e) f 4’9 + € do
o8 (%) Co8(X)

tm @)+ 6 ¢ +C

h

= [ 65"~ 5 sec (o) Fan () ok

6- X _ 5 %c(x) +C
R
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Table of Indefinite Integrals

a and C are constants

Indefinite Integrals

Remember

will be given

/a~f(x)dx:a-/f(x)dx

[reosgean= [ smace [guax

Xn+1
/x”dx:n_'_1 +C (whenn# -1)

/x*1dx:/)1?dx:ln(x)+c

/exdx=eX+C

/axdx— a +C
"~ In(a)

/ cos(x) dx =sin(x) + C

/ sin(x) dx = —cos(x) + C

/ sec?(x) dx =tan(x) + C

/ csc?(x) dx = —cot(x) + C

/ sec(x) tan(x) dx =sec(x) + C

/ csc(x) cot(x) dx = —csc(x) + C

SN RN AN




Day 19 Worksheet Page 3 MATH 111 (W26)

Substitution Rule for Indefinite Integrals. If u = g(x) is a differentiable function whose range is an interval and f
is continuous on that interval, then

[16400) g0 45 = [ f00 du

This is using the chain rule as a technique. Since if F is an antiderivative of f, then

I

fF'(g(x))(j'(*Mx f{(g(x))j'(x)o!x

\

[f(u) du

- Fw +C = Flg00) +C

Example B. Compute/xze’(3 dx

Step 1. Identify your u to substitute, u is your “inside function”.
L= X §(x)
Step 2. Letu = g(x), compute du using the formula du = g’ (x) dx
du = 3x* dx

Step 3. Solve for dx.

. L du
Ax 30

Step 4. Go back to your integral re-write your function in terms of u and dx in terms of du.

Everything should be now in terms of u or du, there should be nothing involving x.

5
fxlexolx = fx‘e“-_‘_o!u = fleudw
3% 3

\

§Jetd
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Step 5. Use standard antiderivatives to compute your indefinite integral as a function in u.

3 | w
Jxle"oh = -;—fe“dw = ¢ tcC

Step 6. Substitute back u = g(x) to obtain your final answer, do not forget the + C!

2

7(5 | X

Example C. Compute / XV2x + 7 dx

Step 1. Identify your u to substitute, u is your “inside function”.
L= 2x+F < J(&

Step 2. Letu = g(x), compute du using the formula du = g’ (x) dx
duw = 2 dx

Step 3. Solve for dx.

1

dy = 5 du

Step 4. Go back to your integral re-write your function in terms of u and dx in terms of du.

Everything should be now in terms of u or du, there should be nothing involving x.

_ u-%
fxm dx = {/x-ﬁ-%du = J _i_.m._zl_du
177

qB back 1 0= 2X+F
Swe {im % i ferms lﬂ?\k

1

iﬂ“-?‘)m m
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Step 5. Use standard antiderivatives to compute your indefinite integral as a function in u.

P fenm = g ur

S|z 3/2—)
-1 [z, _ 2. % +C
(5 wo- 32

Step 6. Substitute back u = g(x) to obtain your final answer, do not forget the + C!

Slz 32
fx (2%+F dx = TI(_) (20+%F) - %‘_ (2x+F) +C

Problem 2. Use substitution with the u provided to evaluate the given indefinite integral.

(@) / cos(2x) dx with u = 2x (b) / sin®(8) cos(6) db with u = sin(6)

Ji= 2 dx ~> dxs §du du= s Ao

fm&x)alx = é—fmfu) A, f,giy&(e) cos(p) D = fu’o‘u

. 3
- Lgn(w + C = Wic
2 2
- o s (ax) + C )
S
Problem 3. Use substitution to evaluate the given indefinite integral. You choose the u.
(a) /t3mdt u: l‘l’ tu ()/4X+7 u'—' L")(""q'
du= bt ot ~> b= L du= hdx > dxo= Lo
9
jﬁJH'f“ou? = “L"_'jm o = f A
Lha+7— [
2
:-LZ—.(LlJFC -1 dnlw) + C
L3 ¥

é_(ut“)erc - iquwﬂc
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Substitution Rule for Definite Integrals. If g (x) is differentiable and g’ is continuous on [a, b], and f is continuous
on the range of u = g(x), then
3Cb)

b
{ffgm)-g'(x)olx [Jm F () du

e1/x
dx

2
Example D. Compute/ 5
1 X

Step 1. Identify your u to substitute, u is your “inside function”. g (y\)
\ L/
/X

=

Step 2. Compute your new bounds.
A=l ~> 9@ =1, b=2 ~> gfb)= Y2

Step 3. Letu = g(x), compute du using the formula du = g’(x) dx and solve for dx.

du= -L dx o L Ay = -du
X* X*

Step 4. Go back to your integral re-write your function in terms of u and dx in terms of du, and use the new
bounds. Solve the resulting integral

N2
-¢ +6€

t
i

fﬁxolx f‘n—e“om = [— &“]

[—AﬂNDTylug back w” use now bowrds |

¢

Warning. Observe that there is a major difference between using u-substitution for indefinite and definite integrals.

¢ In the steps for indefinite integration using u-substitution, you substitute back your u at the very end.

e In the steps for definite integration using u-substitution, you DO NOT substitute back your u at the very end.
Instead, you are computing new bounds at the beginning and then integrating a definite integral in terms of u.

Therefore, DO NOT substitute back u while computing a definite integral!




Day 19 Worksheet

Page 7

MATH 111 (W26)

Problem 4. Compute.

(a) /01t(t2+1)3dt w= 417+ < J(Jc)

Now baunds: O~ Jlo) = |
| ~v> 3(1) 2

In

= 2% db tol/’0=2—‘_°wL

| 2-
Jt(ﬁ*ﬂfo"c - 7 J; u? dut

O [ ge ol g0)
Now baunds: [~ 3(1) =0
e 36(’,—) = |
=
olu Jcol*

[l - [

v

:J—Oh( A _LA%ZZO‘M'
Au a5
" 2
L w&(md%: lf o (U) du,
™q K T,
T2

(d) | \/Xzzx_igdx X'L: u’—q
New bounds
0 ~> (jfo) = 1
L(_ AN J(q’) = 25
25

% b
gﬁ-o\fzj w1 Ju
o IR+ 1 w

9

25 v Yo
= J (/(. 2" qu’ du’
1

25
_ | Z BIL,_ 9 u\/?—} :gﬁ
= &pn -2
3 2. 9 '.5
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RECAP PROBLEMS

The aim is to review Day 18 material; so have the filled-in Day 18 notes in front of you as a reference!

Recap Problem 1. Express the following limit as a definite integral
lim Zi TV Ax ontheinterval [1,4]

and then compute the definite integral.

0
Recap Problem 2. Let g(x) = / —In(t) dt. Compute g’ (x).
XZ
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Day 21. Local/Absolute Maxima & Minima (based on Sections 4.1)

Learning Objectives

e Identify local and absolute maximum and minimum values of a function.

Absolute Maxima and Minima. Let ¢ be a number in the domain of f. Then,

e f(c) is the absolute maximum of f, e f(c) is the absolute minimum of f,
or the absolute maximum of f is at c if or the absolute minimum of f is at c if
(o) » £ flay < f(x)
for every x in the domain of f. for every x in the domain of f.

Local Maxima and Minima. Let ¢ be a number in the domain of f. Then,

e f(c)is alocal maximum of f, e f(c)is alocal minimum of f,
or a local maximum of f is at c if or a local minimum of f is at c if

() » f(x) f(0) < ()
when x is near ¢ (both from left and right). when x is near ¢ (both from left and right).

Important. Local Maxima/Minima can only occur at points where the function is still defined to the left and right of
those points. This does not apply to absolute maxima/minima.

Problem 1. Use the graph below to find the absolute and local maximum and minimum values of f.

Lol Maximo, Local Minima Y
flw, $06) f2), £(5)

y =)
7 /

Absdude Matima. Kesolute Minima. _ N
the domain

<Ifﬁ—f—l;x
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Problem 2. Sketch the graph of a function f(x)...

(a) that has a local maximum at 2 but is not continuous at 2.

Recall that not being continuous at 2 either means Iim2 f(x) does not exist or Iim2 fx) # f(2).
X— X—

Locall Maximuum
/ } At ots o 2 sine ){”’32'{:6‘) dne. a
t t 1 t X2 x—;ZJ-
t 2 35 4
(b) on [—1,2] that has an absolute maximum but no absolute minimum.
M\!i:'\’ : psd Hha Aint the fuchivn
,\: ) ?- m e}lua fu\v\t- MA |
|
|
S
|
|
|
(c) on [—1, 2] that has an absolute maximum but no local maximum.
Mo Al maxpmun
KA*asMe AN ging %ﬁ Canndh
. erdl goint
; : occwr at s
2
Sroax ¢" meand
N W’ o bD‘l’h S;J% %, 0,/

Critical Numbers. A critical number of a function f is a number c in the domain of f such that either

{() =0 of  f(0) oba not exict

Problem 3. Find critical numbers of the following functions:

(@ f(x) =3 {'(XVBX”
O‘{'(C) =% ~ 70 un a oriheal 8-

] ‘
(b) f(x) =x'/3 -fm - gf’)‘(z/z

—fICﬁ) dees et st {sm =0 ~> (=0 L a enbicad nd -
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(© f(x) =x*+In(x)

| - 9, 1
(X)) = 4% + X

\ ['_’—| I - |
0=f(0=kl+E ~> =y At ~vs  Nooorigld m

(d) f(x) =Ix]|

. 1'% dets nck exist fm x=0
{ 'Cﬂ*—%

-| X<D ~> (=0 do @ cntical wnd -

Local Maxima/Minima are Critical Numbers

If fhasa j@aﬂ MMima, (" MIZW ai'C

then C .4./3 0\ (‘/ﬂ‘HCaz Nm\be/(

Problem 4. Look back at Problem 3. For the critical numbers you found for those functions, which of those correspond
to a local maxima or minima?

2 ad X hae =0 a a onbid w. but it dow et comespnd 4 & fall Max/min

x| hot C=0 ab a criticd . wde Hoe 1w o focd wm ot C=0.

Problem 5. Find the critical numbers of the function and speculate on whether they correspond to an absolute maximum
absolute minimum, or neither. Then graph the function (e.g., on Desmos) and check your speculation.

(@ f(x) =x>—12x +4 L/ﬁamf? NMAX @

e orhed] nd.
2

(b) f(x) =ax?+bx+c

X= -2
'(6) = 312 = 3x-12=0

R ey

heduke max/ min @
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(€ f(x) =|x 6]

{6 = {‘ K76 o vob et ot

5= 6 & WtHCﬂQ ne .
\/——‘/"_’_/
-2 x<b aledute wmmumn, (@,

x2+2
2x —1

2% (2x-1) = (W+2) (2) _ IRF 2% -l
(2 )(,07' (2x—|)7’

(d) f(x) =

{x) =

/lowf max (@

Ay Mﬁ- =0~ 2¢-2x-4% =0 X=-1 ore eritioal
(2%-1) M7 k=2 ng.

~> 2 (x+1) (x-2) =0 N foca win @

Closed Interval Method.
To find the absolute maximum and minimum values of a continuous function f on a closed interval [a, b].

1. Compute critical numbers of f in [a, b], and find the values of f at these critical numbers.
2. Find the values of f at the endpoints of the interval, i.e., f(a) and f(b).

3. The largest of the values from Steps 1 and 2 is the absolute maximum value; the smallest of these values is
the absolute minimum value.

Example A. Find the absolute maximum and minimum values of f(x) = x? (x? — 4) on [-1,3].

[6) = K= bkt e (0 = GP-8x = bx (KF-2)

t Onhcal
f(x)=0 when X =0, X={2 , X=’ﬁ.2$ ne .
AL < - Ly

T [),3] ] oo 2

F0)=0, f0z)=-k F0N=-3, f()=45
- —
tos. min in [-1,3] ahs. max in [-1,3]
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Problem 6. Find the absolute maximum and minimum values of f on the given interval, following the steps above.

@) f(x)=x-(x*>-3x—-24)on[0,5].
= X2- 3xF- 2hx

{'(ﬂ

W

3x"- Ox - 24

3 (x+2) (x-4)

Cikeld ™. : X=-2, x=4
wms? X

floy=0, fu)=-30, F(5) = -1D
\H_' ._,—-——w-—'/

doduls W% ghedude win e 10,5]

MATH 111 (W26)

(b) f(x) =x+1/x on [0.2,4].

' 9 _\

(x) = = Ixz = Kol o (X)) (x-
f X - 2

Crbicd no.: X= -

, K=\, X=D
In (02,471

x - A

flo2) =52, fMM=2, {(H)=4.25
— —_ .
csdule max  ahedide mn

i [0-2,4]

Problem 7. After an antibiotic tablet is taken, the concentration of the antibiotic in the bloodstream is modeled by the
function where the time ¢ is measured in hours and C is measured in yg/mL

C(t) — 8(e—0.4t _ e—0.6t)

What is the maximum concentration of the antibiotic during the first 12 hours?

Cl) < 6 (— 0l e—o.ut Y e—n.é-lr) -0

0-2%
S 6

<

6

)\

|

o
=

Critical n®. (5

MO x 2.03 howrs
0.2

M) ~ .19
C( 0.2

L)~ £ =

C (0) =

nmeanh 04.‘(:5‘2-

in [0,12]

0., ¢(2)=0.06

abs .
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RECAP PROBLEMS

The aim is to review Day 19 material; so have the filled-in Day 19 notes in front of you as a reference!

Recap Problem 1. Determine the indefinite integral /x(1 —x)?1 dx

Remember to re-write everything in terms of u before integrating. It will be useful think what is x in terms of your u.

m/3
Recap Problem 2. Compute the definite integral / tan(x) dx. Start by expressing tan(x) in terms of sin(x) and cos(x).
0

sin(0) =0, cos(0) =1, sin (E) = \/_§’ cos (E) =

1
3 2 3 2
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Name: pam%

Day 24. What Derivatives tell us about the Shape of a Graph (based on Sections 4.3)

e Identify intervals where a function is increasing or decreasing using the first derivative.
e Find local maximums and minimums using the First Derivative Test.
o Identify intervals of concavity and inflection points using the second derivative.

e Use the Second Derivative Test to classify local extrema.

Problem 1. The graph of f(x) is given below. Using the graph, answer the following questions.

(@) Find the open intervals on which f is increasing. AN
(0:1), (3,5), (5,%) 4
(b) Find the open intervals on which f is decreasing. /
N
< > X
v

Increasing/Decreasing Test. The first derivative of a function f(x) tells us the direction of the function.

! .
o If { ()() >O on an interval, then f is )meg on that interval.

[ [}
o If ]‘. (ﬁ) <0 on an interval, then f is db(l(mmg on that interval.

Recall that critical numbers of a function f(x) are those numbers c in the domain where

e f'(c)=0 ;\DYlalﬂﬂ*ﬂQ WM bng o f’(c) does not exist \/?If‘hl('ﬂ-o WW}@"M 2 Co N S

If f has a local max or min at ¢, then ¢ must be a critical number; but not every critical number gives rise to a
max or a min. We therefore need a test that will tell us whether or not f has a local max or min at a critical number.

First Derivative Test for Local Max/Min. Let ¢ be a critical number of a continuous function f(x).

o If f' changes from positive on the left of c to negative on the right of ¢

. + ¢ -
then f M Qa M MAXIMWN  atc.
¢ If f’ changes from negative on the left of c to positive on the right of ¢ é +

thenf has & Jfocall mimmum ate.

o If f’ does not change sign near ¢, then f }M y\u‘ﬂwyr a M MmaxX Ner Mmimu  atc.
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Problem 2. Given below is the graph of the derivative

(@) What are the critical numbers of f?

where the derivative either equals 0 or does not exist

i’fﬁ}i '611
f'=0

(b) On whatintervalsis f increasing or decreasing?

J :
d-ne
where the derivative is positive or negative

(017—) / (L,', 6)/ (8, oo)
inOreaAing

(c) Where does f have a local maximum or minimu
where the derivative changes sign

(2,4)
Avereas

f’(x) of some function f(x).

y/\
b
y=f®x /
/
< %
4
] (61 g) 1 <|>/

d

m?

M x=2,6 a Jol max, {' /SJ'ZVL ohwz?% b+ % -

M x=4,% a Mol mn,

][’ A;Zn&ﬁwﬂqé,ﬁm/\—ib-l’

Example A. For the function f(x) = x?(x? — 4x + 4)

(a) Compute f(x). f'[)Q = LI—XS - IZXZ‘I’ DX

hx (%

(b) Find the critical numbers of f’(x).

) = bx (k=D (x-2) =0 s X=0,1, 2

(c) Find the intervals on which f is increasing or decreasing.

-+ -
———————
oLl 32

2-2_3

Fie-1) = 24 20
Y- s
f(/)_) > >0
1'(3lp) = —% <0
{'(3y= 24 >0

X1 - ux® 4+ 4x*

o+ 2) = Ly (x=1)(x-2)

£'50 o (0,1) wd (2,0)
f o inmasir(\y on (0)) and (2,o0)

?("40 m C—D0,0) Md (\12‘)
£ i olertasing m (-0, 0)

ond (1,2)



Day 24 Worksheet Page 3 MATH 111 (W26)

(d) Find the local maximum and minimum values of f.

Lvﬂayg ot He SW’ chart {ﬁvf £ i (o), (Abng ho 1% Avivedive tut
Lol max b x= | (sign chargn fyom + =) (1) =

Lol min ok x=0,2 (sign J«\M\gpz brem - ) f(o):ffz):o

Problem 3. For the function f(x) = x* — 8x? + 3.
' _ % _
(a) Compute f(x). )(. {X\ = 4)(&— ’6 x - l/’X ()( - 4‘) - L{'x (K’Z) (X+2>
(b) Find the critical numbers of f’(x).

£00) = bx(-2)(412) =0 ~> X=0 o %= 2 07 k=2

(c) Find the intervals on which f is increasing or decreasing.

o+ 4 £'70 o (2,0) and (2,)
—_— e —
-2 =2 [0 | 2 3 f o in(/rw'éirﬁ on (-2,0) awd (2,e0)

$'20 m (-w -2) wd (0.2)
f o olertasing ™ (-00,-2)
fi(-1)=12 >0 {'(3)=60 >0 o (0.2)

['(3) =-6b <0 £(1)=-12 <0

(d) Find the local maximum and minimum values of f.
- L ‘ " diveive test
./.m)'iuyg at  He $JJV~ chart 6!# f in (C), w)wg He 1 1Vedve Tes

Loul max ok %=0 (and\u\jﬂlbrm r =) f00)=3
Lowal min i k= =2 (an, ()/\M\jnz b{em—- «[9.|_>; 7[(2_)7_7[(_2):_‘3
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The second derivative f”” of a function f(x) also tells us quite a bit about the shape of its graph.

Concavity Test. The second derivative of a function f(x) tells us the curvature of the function.

o If {"[X) > () onaninterval, then fis  (LoV\CaNt \Af)WG/Vd}g onthatinterval. ~__ aAf
o If f'l(x) V4 O on aninterval, then fis  ConCas®, OQO‘W'VWUMAA onthatinterval. — ﬁl’FWI’\/

Inflection Point. We call a number p an inflection point of f(x) if it M{j) Co‘/\CM/Hy M P

Problem 4. This is the graph from Problem 1.

(a) Estimate the open intervals where f is concave upward. y
N

(2. 4) and (57)

(b) Estimate the open intervals where f is concave downward.

(0,2) and (4,5) AR

(c) Determine points of inflection. Vv

KR=2, X=k, x=5

Connecting First and Second Derivatives. The second derivative f’ is the first derivative of f’. So,

o1t f “(X) > 0 onaninterval, then f is inoreuing on that interval.

o If )(" (X) £ () onaninterval, then f’ is Memi% on that interval.
\] ] ' \
An inflection point p of f(x) is W Gﬂ‘,’l('ﬁﬂ n . D" J(‘I where f MC/ 0&C Md HW[’

from left of p to right of p. nc IOICC

e = 'mcrensir}j ;

Problem 5. This is the graph from Problem 2, a graph of f’(x) of some function f.

Y dec = OleCTEGSI‘nJ
o

y =7 /
/

N

o 4
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(@) On what intervals is f concave upward or downward?

1" 4o inc/reas?vg for (3 )L (6,9) & on Hua inferved §7>0 and £ a0 concue up
{' 4o Jﬁf/fws?vg for (93) g on this iboriod <0 and £ 4 comceye dowm.

(b) Where does f have a point of inflection?

At x=5, {' g fmn dbe foinc, e $'<0 B {50, i€, f goos from

(omcane up #  tmcave down -

(c) Using (a) and (b) of this problem and Problem 2 (a) & (b), sketch a graph of f assuming f(0) = 0.

R o ane

2 3 & 6 2

Dhe Fossilo'e amswer |

Second Derivative Test for Local Max/Min. Let f” be continuous near c.

o If J(”(C): O and )(”|(C) 7 0 ,then f has a ,&7@0 M“V\;WWL atc.
o If )(I(C) =0 and 7["(0) £ () .thenfhasa ﬂoCaP MOXI‘MMM atc.

o If ]C“CC)ZO ,then fept L0 inConclusive

Example B. Consider the function f(x) = x* — 8x? + 3 from Problem 3.

or minima.

Crihical nwwdoene A\t.{':O . %=0, X=2, X=-2
["(0)=-16 <0 dodd max &k =0

£ () =32 >0}M i xet2
{" (-2 =32 >0

£100 = 12x" - 16

l2. (x> o)

12 (X*- Ba)

\l

\

(@) Usethe second derivative test to verify that the points found in Example A are indeed where f has alocal maxima

hacy

what

3v+

fre

we
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(b) Compute the local maxima and minima.

Jocall

fl0)=3 < “ypx

£'0x) = 12(x"-2) = 0

~y K =2 00 X= 2

(c) Find the intervals of concavity and the inflection points.

~ |.155 ~ -.155 s
-2 0 N § o toncave dbuanwords on (_J—E F;)
* . - '} % X . , 9 _o
-2 - ' baed m gign charh , infiiom x=£, ~Z
i %’ % * / poviks are B3

f(2)=f(-2)=~13 < J&Wﬁe

['-1) = §'0)=32>0, §'0)=-/p<0

f o comeme uf)p\/a/rdA m (—oo,'%)l (-{7:3/0")

Problem 6. Consider the function f(x) = x* — 4x3 + 4x? from Example A.

(a) Use the second derivative test to verify that the points found in Example A are indeed where f has a local maxima

or minima.

Criical wumboens 4% { = 0
{"(0) =

£100= 126" - 21 x + 3

] (‘)
= b (3x*-6x +2) /

{" ()

(b) Compute the local maxima and minima.

fO) =1 & Jcal wux

g9 >0 fowd min & k=0
=-4 <0 fud max at A=
=% >0  focd min ak K= 2

x=0, X=1, =2

floy=10)=p «— Jocad) mum

(c) Find the intervals of concavity and the inflection points.

£'(x) = b (3x*-6x+2) = O

+13 -3
~y K = 3‘?5—3' or XK= %"
% 1.5% = 0.h2
0 l 2
§ 3B - 1B
S 3

{0)=f'6)-8 70, f011=-4<0
J‘: 0 oneae uf)WdA o (_m’%l}')l (%5100}

f,«bwncwco@awnwwr&m (3—;?&3)

3
in{{ﬁdﬂ'm 305
pm’fv\-s are

X= =—

3+ 03
3



Day 24 Worksheet Page 7 MATH 111 (W26)

RECAP PROBLEMS

The aim is to review Day 21 material; so have the filled-in Day 21 notes in front of you as a reference!

Recap Problem 1. Compute the critical numbers of f(x) = x*/3 — 4x'/3. You should get two critical numbers.

Recap Problem 2. Compute the absolute maxima and minima of the function f(x) = x*3 — 4x'/3 in the interval [-1, 4].

Recall. You want to compute the function output at critical numbers in the interval [-1, 4] and the output at the end points of the interval.
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Name: &w/\‘mda

Day 25. Optimisation (based on Sections 4.6)

e Translate a practical word problem into a mathematical optimisation problem.
o Identify the objective function (to be maximised/minimised) and the constraint equation (the given condition).

Main Idea.

By optimisation we mean “finding the best possible outcome” - the most area, the least cost, the fastest time, etc.

For this, we wish to find the absolute maximum or minimum of some function.

Therefore the mathematical input is our ability to determine local max/min which we may do as follows for a continuous
function f(x) defined on an interval [a, b].

Determining Absolute Max/Min on [a,b].

Step 1. Determine critical numbers by computing those numbers ¢ such that f'(c) = 0.
Step 2. Discard any critical numbers that are not in the interval [a, b].

Step 3. To determine if the remaining critical numbers are local max/min, use either of the following tests:

e First Derivative Test. Take two test values really close to ¢, one on the left and one on the right and compute
the value of f’ on these two test values.

If the sign of f’ changes from positive to negative from left of ¢ to right of ¢, then there is a local max at c.

If the sign of f’ changes from negative to positive from left of ¢ to right of ¢, then there is a local min at c.

e Second Derivative Test. If f”/(c) =0, the test is inconclusive.
If f”(c) < 0 (concave down), then there is a local max at c.
If f””(c) > 0 (concave down), then there is a local min at c.

Step 4. Compute f(c) for all the ¢'s you have determined to be local max/min, and also compute f(a) and f(b).
The largest of these numbers is the absolute max, and the smallest of these numbers is the absolute min.

Example A. What is the maximum vertical distance between y = x + 2 and y = x? for -1 < x < 2?

Main Question: What is the objective function, i.e., function we wish to maximise (or minimise)?
2— | -
D(x) = X+2-%* > D'(x)= [-2x

-2x =D'(X) =0 ~> X =)o

n

DEN=0, D) =0, D(Y2) = 2.25

Maxiwum, verhcd distame = 2-25 .
ak X=0.5
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Problem-Solving Strategy for Optimisation Problems

1. Understand the Problem. Read the problem carefully until it is clearly understood. Identify the unknown quan-
tities, the given quantities, and the given conditions. Specifically, determine the objective (the quantity to be
maximised or minimised) and the constraint (the condition limiting the objective).

2. Draw a Diagram. In most problems, itis useful to draw a diagram. Label the diagram with the given and required
quantities, assigning variables to the unknown values.

3. Introduce notation. Assign a symbol (like A if the problem is about area) to the objective function. Write an
equation for the objective function in terms of the variables from your diagram (e.g., A = £-w). Then, write one or
more constraint equations that relate your variables based on the problem’s given conditions (e.g., 2£ +2w = 100
if the constraint is about the perimeter).

4. Create a Function of One Variable. Use the constraint equation(s) to solve for one variable and substitute it into
the objective function. This simplifies the objective to a function of a single independent variable, such as A(x).

5. Determine the Feasible Domain. Once you have your single-variable function A(x), determine the domain of x-
values that are physically possible in the context of the problem (e.g., lengths must be non-negative). If possible,
express this as a closed interval [a, b].

6. Find the Absolute Maximmum or Minimum. Use calculus techniques given in the previous page to find the
absolute max/min of the function A(x) on [a, b].

7. Answer the Question. Re-read the problem one last time to ensure you are answering the specific question being
asked (e.g., finding the dimensions, the maximum volume, etc.).

Example B. We have 750 ft of fencing and wish to enclose a rectangular area that is divided up into four pens with
fencing parallel to one side of the rectangle. What is the largest possible area of these four pens?

(a) Draw three diagrams: one with wide and shallow pens, one with deep and narrow pens, and one in between.
Pick some numbers that realise these diagrams and find the total areas of the pens for these three situations.

100 120 50

<50

129
15

(b) Draw a “generic” diagram, introduce notation and label the diagram with this notation.

1 Mfwmm&%%wmmw%mmm
y dwote He !Wg‘”tﬂj#ll bor dnp Sicdes

X

d

(c) Write down an expression for the total area enclosed, and write down an expression for the total amount of
fencing used. g

Aye_a, A: WX width ‘-3%

~> Bt ZC) = 150 d
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(d) Use (c) to create a function giving the area in terms of one variable only.

Batdy = 150 ~me y= FO5T o o345 24

AW < g2 = (335- 32) 2 = 352 B4

(e) Solve the problem and compare your answer with your estimate from (a).

A(x) = 315- 52 =0 ~> =75
A'(R) = -5 <0 e w an abglude max whm 2= 75

Tron y = 35-5.45 = 1515 N 87.5 « 75
= 14,062.5 #1

Problem 1. A package mailed by USPS may not measure more than 108 inches in height plus bulk. If a package placed on
its base, height is the dimension perpendicular to the base and bulk is the total distance around the package in a direction
perpendicular to height. Find the dimensions of the largest volume rectangular box with a square base that is possible
to mail via USPS.

bull, = &b W3 = L+ 4b  £,L>0

bulke

Yelume =jm6+hxbuexbaae = 4b" 1 7|~

AV

g= [0%5-4b @

Sy base

V) = (109-kb)L = 103% - kb

V'(b) = AKh - (26" = 12b(jg-b) =0 ~> b=18 (sie b#0)

Vi(b) = 2§ -2hb ~> V(8)= -216 40 Mux at b=18in

L= 10%-4b = 3bin ~> [w?ea’r vlume V= 36:18° = I, 664 in?
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Problem 2. Arightcircular cylinder is to be designed to hold a liter of water. Find the dimensions of such a cylinder which
uses the least amount of material in its construction.

For a right circular cylinder with radius r and height h, the volume is tr?h and surface area is 2rtrh + 2(mr?).

We want 9 MAN WSS Awréw anen. S = Amch + ATi”

C;>
A
% L]
_qrth o= [£ = 1000 o~ = 1000yt :
Veluwe = Y /

2 . .
S(r) = AT 1060 fpps + ATrY> = 2000y + ATY b St
T 4o rodues

Y 4
s'(r) = —aobo /¢* + 4Ty = 0 ~> kv 4000/,

—~ 1= 2 “:‘gg ~ S542m ~> 5”(() z L"ODO/r% + 4T~ O (542) >0

W

\

Sweréw avea mvmoned ot T 54 2Lem ~s R mo%rz = 10.94 cm

Problem 3. ANorman window is constructed by adjoining a semicircle to the top of an ordinary rectangular window. Find

the dimensions of the window of maximum area if the total outer perimeter is 18 meters.
We wand Ao maxinuse /7\

e A = Lwrt+ L Q¢
% I}
;21
. o _
Quker Pmnmzke/r - 1 (7)) + L+ Ar+L = Bm —
fm#wﬂxg%
- _”Z . )
s 20 = [8-TT-A¢ ~» [z BTTTAT ¢ o the vochins

2 \

more space on the next page —
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o+ (13- 7-2rv) ¥

= 18%r- 2Y* - Ly
ey 5

- | 7 |
Alr) = — T + ALY = ¢ 1

A(r) = 18-l -Tix =0 ~> T= 18/(hyT) = 2.52m

All(r) =-b-17<0 — £ - 1% -m-2v ﬁ%xz_gzm
P t

U= 18/ +T) maximises |

Problem 4. A cone-shaped drinking cup is made from a circular piece of paper of radius R by cutting out a sector and
joining the edges CA and CB. Find the maximum capacity of such a paper of radius R by cutting out a sector and joining
the edges cup.

A B

Vouwe V< -é'TYYlk

Vih) = —g-ﬂ(kl-hz)-h= za_r(aﬁk-;\b')
V(= T (R-2R) =0 o B e Ry 2 e R[5

V') = —dmh > V'(Rig) = -am R <O he Rjg s

Mo velums = V() 5 (& ¥ - R)) = ZTR



Day 25 Worksheet Page 6 MATH 111 (W26)

Problem 5. A company is building a new warehouse and needs to fence off a rectangular storage yard beside it. The
warehouse wall will serve as one side of the rectangle, so fencing is only needed for the other three sides. The storage
yard must have a total area of 1,200 m?.
The fencing used for the two sides perpendicular to the warehouse wall is standard and costs $20 per metre. The fencing
for the side parallel to the warehouse (the “front” gate) needs to be more secure and costs $30 per metre.

What dimensions (length and width) should the storage yard have to minimise the total cost of the fencing?

wall
(alisdy
o)

] P 4320/
Primaker 24 2b

o, fpncing -
Ttad (st

I\

Aw = Lb = 1200 ~v b=

C(L) = »04 + 48000 __ (¢'(e) = 30- 48000

L 2"

s 48000 _ap s % = 60D
Lﬁ
~ L= 0

-y 46000 ") = 18000 5 D
C(L) = =5 s C"(40) b o

\

L= 4D muninaes Cost

$20 /m

204 + 40b “

200
L

O
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RECAP PROBLEMS

The aim is to review Day 24 material; so have the filled-in Day 24 notes in front of you as a reference!

X5 4

5x
Recap Problem 1. For the function f(x) = T T +2x3, find all

(a) critical numbers

(b) intervals where the function is increasing and decreasing

(c) intervals where the function is concave upwards and downwards
(d) inflection points

(e) local maxima and minima

more space on the next page —
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Day 26. Curve Sketching (based on Sections 4.5, 4.6)

o Identify features of a function using the first and second derivative

o Use the information to sketch the graph of the function

Example A. Sketch the graph of a function that satisfies all of the following criteria:

(A) f/(0) = f'(2) = f/(4) =0 /\or}brntw@ ‘IWXM bk ok X=0,2,4
(B) f'(x) >0ifx <0or2<x <4 ,‘n(,(eagiy\g on (-»,0) & (2,4)

(Q f'(x) <0if0<x<2orx >4 Jxmea.sina o (012) } M,W)

Imuec}im Frm‘S
>

/r ok X=| 1%

(E) f”(x) <0ifx <1orx >3 (care downWo!A n (- 0o, I) 4 (3,00)

(D) f"(x)>0if1<x<3 (oh@ME IAfWMJAW\ ('13)

y/\
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2

5x . .
——— - Determine the following.
X

Example B. Consider the function f(x) = o

(a) Domain

(b) Intercepts. x-intercepts and y-intercepts
(c) Asymptotes. vertical and horizontal

(d) Intervals of Increase or Decrease

(e) Local Maximum or Minimum

(f) Concavity and Points of Inflection

(g) Sketch the graph

(8) domam, : 25- X" #0 w> X#15

(b)

- -
= -|

d

. . . 0450 o
g nferept : vlue of £ 25- 0?
. . UP/W/ () =) ~> m =
t-interapt : s f 51
1- Hdel((ﬂff £ (0, 0)
B XL+ Ox _ X(X+5) - _,X.,-.
(¢) f = 25- x> (549 (5-%)  5-X
Hoioondal Agymp = Jim  £06) = im0

Jdrdexra‘vf 4 (0,0)

X"+5x =0
™ K(%$5)=0

~> %x=04& -5
& noJ'jMW
domaimn

whan % # -5

Vertical, Asaw\fhf&

5-)(:0”\-7 |x=5

. \
A 5

stw = -
X X
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(5-x) - X(+) _ _5_
(5- %" (5-%)°

f i inorensing (= e, ) a!&»aa«! /)wh‘v&

(d) f(x) = —5—’(7 whn x#-5, f(x) =

1]

5 o o defmd whon (5-x)" =0 ~» x=5
(5-%)"

Bk X=5 Jo not m Hu olmam . N Jocal wax/wum

(&) {(x)

5 (-2)- (5-X) - (-I)

s:ﬁ
(5 x) fw;(m%admwﬂ

{8

() §'0x) = 3 (5 (570 )

ok

I

(oncaxe up
(-»,-5) 4 (-5,5)

Cencave dpwnv (5,)

5
(1 - S|
fmw%wfw:;i ?"(L1—5+5—
(o!nmam>
(9) N
0 -5 5 1)
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Problem 1. Sketch the graph of a function that satisfies all of the following criteria:

() f/(-1)=f (1) =f(3) =0 Aoyibmtaﬁ WM bines ok x=-1,1,3
(B) f'(x) <0ifx <—-1or1<x<3 o&Mcﬂ_S"’g o (—m,-l) k (113)

© f'(x)>0if-1<x<1lorx >3 in{/(go,ging o (-1,1) 4 (3,%)

IV\L)Edim Frir\*s
D) f"() <0ifo<x<2  (ohne dewnwerdd Dn (0,2) /’ at X=p42

(B) f"(x)>0ifx <Oorx>2 (oncane urwa/mkm’\ (-00,0) 4 (2,00)

F-----Q-4----t----F-=-=-"~---"-4----}----

L LR PRt EEERY R R R
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Problem 2. For the function f(x) = x* — 2x°.

(a) Domain (u) AﬁW\ﬂ,W\, ! (’ 00, 00)
(b) Intercepts. x-intercepts and y-intercepts
(c) Intervals of Increase or Decrease . _

A (o) y-interapt : value of f(0) =0
(d) Local Maximum or Minimum
(e) Concavity and Points of Inflection . .

~inter A0 (0/ 0)

(f) Sketch the graph

7
x—r'n’rwarfi s f(11=0 ~> X - 2% =0 1—in#e/(ap13 ane (0,0)

s X3(x=2)=0 w> X=04X=2 1 (2.0)

) 500 = by®-6x* = 2x* (2%=3) =0 > X=0, %2,

Sign of, {’ 1)

\

-0 40 ¢ o oo o (oo, 3B)

I - - O
-0-2+  f(0=970
2

() Fom (O), wz;irj e 1% vk fest Jocal mon ot X= Fa

O MX:O/I

(e) {'(x) = 12x>=12x = 12x (x=1)

fx'/scmm,\/edlownm

Sign f £ £'¢-0= 24 >0 g
-1 05 2 f'(0.5)= -3<0 f i toncane up on
———j———

- - / Md ;m

+ 0 |+ fl(l)=2L\70 -, 0) (|, w)

x=0,1 we nflchom poins



(f
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RECAP PROBLEMS

The aim is to review Day 25 material; so have the filled-in Day 25 notes in front of you as a reference!

Recap Problem 1. If 3 m? is available to make a box with a square base and an open top, find the largest volume possible
of the box. This means the answer needs to be the volume value.

Volume of a box with length ¢, width w and height h is fwh. The surface area of a box is the sum of areas of each side which are
rectangles, so if all sides are to be counted (including the top) the surface area of a box is 2éw + 2wh + 2¢h.

We reiterate that the box will have a square base and an open top.
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Algebra Skills Lab 1

Powers & Algebra of the “Difference Quotient”

Manipulating Powers

In our class, with our eventual aim being to “differentiate”, we rarely leave expressions, if they can be simplified, as frac-
tions or radicals. To take a derivative easily, you usually need to rewrite everything in the form x".

The Rewrite Rules.

I. Roots are Fractions: In Calculus, we want to avoid radical signs like v/x, we always rewrite:
Yxm = xmin
That is, the number in the root goes in the denominator of the exponent. For example,

\/)—( :X1/2, \3/; — (X2)1/3 = x2/3

II. Reciprocals are Negative: If x is downstairs, move it upstairs with a negative in the exponent:

For example,

III. Beware “Forbidden Move":

e (X+y)P#Ex*+y? (you must always FOIL or expand)

o VX2 +yl£x+y (square roots do not distribute over addition)

Drill A. Rewrite the following expressions as a sum of terms in the form c - x".

Do not leave any x’s in the denominator or under a radical.

(m z (2) 4

(3) Vt-t> (add exponents) (4) Vat - t3

(5) M (split the fraction) (6) L_gﬁ
y vy

Drill B. Rewrite the following expressions as a fraction or/and with radicals.

(1) —2x~* ) x~'/? (3) 5x 43 4 x~ (-2
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Function Notation & The “Difference Quotient”

Revisiting Function Notation.
Given a function, for example,
f(x) =x%-3x,

one should think of x as an empty slot:
fO )=C )Y=3-C ).

I. Constant Input: If you wish to compute f(4), it means 4 goes into the empty slot:

f(4)=(4)2-3-(4)=16-12=4

II. Variable Input: Similarly, f(x + h) means “everywhere you see an x, replace it with x + h”

f(x+h)=(x+h)>=3-(x+h)

III. Beware “Forbidden Move™: f(x + h) # f(x) + h

Drill C. For f(x) below, whatis f(x + h)?

() f(x) =x(x +2) (2) f(x) = Vx +1 (3) f(x) =sin(x?)
__X o2
@ f) =—= (5) f(x) =2

Drill D. For functions f(x) below, calculate the Difference Quotient:

fx+h) - fx)
h

by following these steps:
Step 1. Write out f(x + h) expanded (FOIL).
Step 2. Subtract the original f(x) from it. (Notice terms should cancel!).

Step 3. Divide by h (Factor an h out of the top first).

(1) f(x) =x*—3x ) f(x) =x(x +2)
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Algebra Skills Lab 2
The Algebra of Limits: Solving the 0/0 Problem

Direct substitution often leads to the indeterminate form 0/0. This is not a dead end; it may imply that one can use algebra
to simplify the expression. Today, we practice the three specific techniques used to “fix” these broken limits.

Rationalising (The Conjugate Method)

When you see a square root involved in a sum or difference, e.g., vx — 3, you generally cannot factor it easily. Instead, we
use the conjugate.

Strategy: The Conjugate. Recall that (A — B)(A + B) = A2 — B2, We eliminate square roots this way: either A or B
will be our expression with a square root and we utilise the fact that squaring a square-root gets rid of the square-root.

I. If you have Vstuff — number, multiply and divide by Vstuff + number, its conjugate

Vstuff + number

(expression with Vstuff — number) = (expression with Vstuff — number) -
Vstuff + number

For example,

Vi+h-1 ~VN1+h-1 Vi+h+1 X B X VX +4+2
h h Vith+1  Vx+2-4 Vx+4-2 Vx+4+2

II. One uses (Vstuff — number)(Vstuff + number) = (Vstuff)? — (number)? = stuff — (number)?
NT+h-1DNV1+h+1)=V1+h)?2-12=(1+h) -1
(Vx+2-8)(Vx+4+2) = (Vx+4)?>-22=(x +4) -4

III. Crucial Advice: Multiply out the side with the roots (to clear them), but DO NOT multiply out the other side.
Leave it factored so you can cancel the problematic term later. For example,

Vi+h-1 ~N1+h-1 Vi+h+1  (1+h)-1

h  h Vith+1 h(V1+h-1)
X X VX +4+2 x(Vx+4+2)

Vx+4-2 Vx+4-2 Vxtd+2 (x+4)-4
In the first example, we multiplied out the numerator since it is being multiplied to its conjugate, but kept

the denominator as is. Similarly, in the second example we multiplied out the denominator since it is being
multiplied to its conjugate, but kept the numerator as is.

Drill A. Simplify the following expressions by rationalising the numerator. Your final goal is to cancel out the denominator.

(1)Vx+9—3 2 V1—-h-1 (3)2—V4—X

X h X
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Complex Fractions (Fractions within Fractions)
Limits often result in “double-decker” fractions. The best approach is to separate the division from the subtraction.

Fraction

Strategy: Rewrite Division as Multiplication. Handling a fraction of the form ———————— can be confusing.
Denominator

I. Pull out the Denominator: Rewrite division by D as multiplication by D

1

Complex Fraction 1 ) X 1 1 1
= — - (Complex Fraction) ~» for example, =1 o1 % 1

D D

II. Simplify the Bracket: Now focus solely on combining the fractions inside the bracket.
1 1 1) = 1 T-x) 1 1-x
x—-1 \x T x -1 x | x x-1

III. Watch for the “Reverse” Factor: You will often end up with (a — x) on top and (x — a) on the bottom

Recall: a-x=-(x-a0a)

1_X=ﬂ=_1

This allows you to cancel the terms to get -1, e.g., o po

Drill B. Simplify the following to a single fraction with no additional fractions inside it.

1

1
X+h

1.7
X 3 @)

M —

x-3

>
X | =
w
>
|
<

Factoring out Powers
When we evaluate limits as x — oo, we need to create terms that approach zero (like 1/x). We achieve this by “force
factoring”: factoring out the highest power of x, even if it isn't a common factor, to leave behind x's in the denominators.

Strategy: Factor-out the Highest Power. Factor out the highest power of x, forcing the remaining terms to have

fractions with powers of x in the denominators.

2x 2
I. Technique: x? + 2x = x2 (1 + —2) =x? (1 + —).
X X

2
II. Why? As x — oo, the term " vanishes to 0, simplifying the limit.
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Drill C. Rewrite each expression by factoring out the highest power of x visible, ensuring remaining terms have x in the
denominator where possible.

(1) 3x3-5x+10 (2) 5x* + 2x
\/ 2
(3) \/X4 — 7x2 (4) M

X
Two-step process: first factor out the highest power of x,

and then separate the square roots;

remember VAB = VA - VB.

Drill D. Rewrite each expression by factoring out the lowest power of x visible and factor what remains.

(1) 3x® = 12x () x° — 5x* + 6x3 (3) 2x* — 24x> + 70x>
also factor out a constant
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Algebra Skills Lab 3

Composition & Decomposition

The most powerful differentiation tool you will learn is the Chain Rule. To use it, you must intuitively grasp how functions
are composed (chained together) and, more importantly, how to decompose them into “Inside” and “Outside” layers.

Visualising Composition

You may imagine composition as a relay race: the input x runs to function g, which hands off its result to function f.

O] ¢ [

Strategy: The Two-Step Look Up. To evaluate f(g(3)) from graphs:

I. Step 1. The Inside: Find g (3). Look at the graph of g at x = 3. Find the y-value.

II. Step 2. The Outside: Take that y-value and treat it as the x-value for the graph of f.

Drill A. Given are graphs of f(x) and g(x):

y

y=1fx) y =g(x)
4 4
3 3
2 2
1 1
X X
1 2 3 4 1 2 3 4

Use the graphs above to compute the following values. If a value does not exist, explain why.

(1) Find g(3) (2) Find f(g(3)) using (1)

(3) Find f(g(1)) (4) Find g (f(2)) (5) Find f(£(3))
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Decomposition (Identifying the Layers)

The Chain Rule requires you to identify the “inside” function (g) and the “outside” function (f):

h(x) = f(g(x)) means Outside(Inside)

Strategy: The Onion Method. If you wish to evaluate evaluating the function In(sin(x)) on a calculator. The first
thing you type is the Inside (g (x) = sin). The last operation you perform is the Outside (f(x) = In).

I. Example: h(x) = sin(x?).

II. Order: First you square x; inside: u = x2. Then you take sine; outside: sin(u).

Drill B. For each composite function h(x), identify the inside function g (x) and the outside function f(x) such that

h(x) = f(g(x)).

Composite h(x) Inside g (x) Outside f(x) Check: Does f(g(x)) =h(x)?

(3x +1)° 3x +1 x> (Bx+1)° ¢

V5x — 2

1
X2 +1

cos(4x)

tan?(x) = (tanx)?

eVx

Drill C. Sometimes there are three layers: f(g(h(x))). Identify them for:

¥ =+/sin(3x)

e Innermost:

e Middle:

e QOutermost:
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Algebra Skills Lab 4

Synthesis: From Algebra to Calculus

We practised a few algebra skills: rationalising denominators, simplifying complex fractions, manipulating exponents,
decomposing functions, etc.. In this lab, we will see exactly them put into action to solve some problems in Calculus.

The Limit Definition of the Derivative
The most important formula in the first half of Calculus is the definition of the derivative as a function in x:
ooy = i TXHR) = f(X)
fi) = fim h
. . . . 0
If you try to plug in h = 0 immediately, you will always get o

To find the answer, you must use algebra to simplify the fraction and cancel the h.

Strategy: Handling Square Roots. If f(x) involves a square root, we will use the conjugate method.

I. Set Up: Write out w

II. Rationalise: Multiply the top and bottom by the conjugate of the numerator.
III. Simplify: Obtain a difference of squares in the numerator. Do not multiply out the denominator.

IV. Cancel: Factor out h from the top and cancel it with the h on the bottom.

Drill A. Follow the steps to find the derivative of f(x) = Vx + 4 using the limit definition.

fx+h) - f(x)

Step 1. Write the Difference Quotient b

using the given f(x):

Step 2. Multiply numerator and denominator by the conjugate:

Step 3. Simplify the numerator; recall difference of squares (VA — VB)(VA + VB) = A — B:

next page for the last step —
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Step 4. Cancel the h from top and bottom. Then, set h = 0 to find the final answer.

Strategy: Handling Complex Fractions. If f(x) involves a fraction, we will simplify the different quotient.

fx+h) - f)
- .

I. Set Up: Write out
1
II. Flip and Multiply: Rewrite “divide by h" as “multiply by E"'
III. Combine: Combine the fractions that you have for f(x + h) — f(x)

IV. Cancel: The h should cancel.

1
Drill B. Find the derivative of f(x) = > using the limit definition.

X +

fx+h) - f(x)

Step 1. Write the Difference Quotient A

using the given f(x):

1
Step 2. Rewrite “divide by h” as “multiply by E" keeping the numerator as is:

Step 3. Combine the fractions in the numerator (find a common denominator between x + h + 2 and x + 2):

Step 4. Cancel the h. Set h = 0 to find the final answer.



Algebra Skills Lab 4 Page 3 MATH 111 (W26)
Preparation for the Power Rule
We have learnt the Power Rule J

= (x™) = nx"".

™ (x") = nx

For this, every term must be written strictly as a power of x. Roots and fractions must especially be re-written as powers.

Drill C. Rewrite each function as a sum of terms of the form c - x”, then apply the Power Rule.

Function y Rewrite (Algebra) Derivative y’ (Calculus)

:
PR
X

Vo 23, ]

-3, ,1/2 -4 - —
X7 +x =3X""+ =x = —
2vx

2 x4

4

\3/)?

x2+3x + 1

x(3x? — 4)

Preparation for the Chain Rule

The Chain Rule states:

d ’ ’
- [0 =£(g(x)-g"(x).
To use this, you must successfully decompose the function into Outside (f) and Inside (g).

Drill D. For each function, identify the inside and outside, and then write the structure of the derivative.

. Inside Outside , , , Derivative h’(x)
Function h(x) 9(x) £(0) g’ (x) f (%) f(g(x) = F(g(x) - g’ (x)
(3x% +1)° 3x2 +1 x° 6x 5x* 53x%+1)* 53x2 +1)% - (6x)

ysin(x)

3_
ex 2x

cos*(x)
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Limits at Infinity (End Behaviour)

To find horizontal asymptotes (limits as x — oo or x — —o0), we use the technique of factoring out the highest power of
x from the numerator and denominator.

Strategy: Dominant Powers. Factor out the highest power of x appearing in the numerator and denominator
5 5 2x 5 2

I Forexample, x° +2x =x“ |1+ — | =x" |1+ —|].
X X

c
II. Why? As x — co or x — —oo, any term like ) becomes 0.

III. If you have a square root over a term in the numerator denominator:

A. Do Step I to the expression under the square root and do not worry about the square root.

B. Re-write the expression as /x” - (remaining) = Vx” - 4/(remaining)

C. If you obtain a Vx2, then Vx2 = x if your limit is x — oo and Vx2 = —x if your limitis x — —co

. ) 9x2 —5x + 1 .
Drill E. Evaluate |im —————— by following the steps.
X—=c0 6x +7

Step 1. Factor the highest power of x in the numerator and denominator:

Step 2. Distribute the V  over the product in the numerator:

Step 3. Knowing that we are considering the limit as x — —oo, replace Vx2 appropriately

c
Step 4. Cancel whatever you can and replace terms of the form o with 0 and compute the limit:
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Algebra Skills Lab 5

Related Rates: Implicit Time & Geometry

This week in class we will discuss a concept known as related rates. In “Related Rates” problems, everything is changing
with respect to time (t), which will be our independent variable.

This means every other variable (x, y, r, h, 8) is a dependent variable, i.e., in fact a function of time, e.g., x (t). Consequently,
whenever you take a derivative, you must use the Chain Rule.

Review: The “Hidden” Chain Rule in Implicit Differentiation

The Time Derivative. When differentiating x with respect to x, the answer is

==

’

However, when differentiating with respect to ¢, the derivative of x is

X,_dx
T odt

Drill A. Differentiate the following equations with respect to time (¢).

dy dx
Don't forget the “prime” terms d_}t/ P etc. attached to the end!

My=x° @) x2+y? =25

(3) cos(8) = 1X—0 (4) V =10mr?

Drill B. Differentiate the following with respect to t, using the Product or Quotient rules where necessary.

Don't forget that anything that is not t is a function in t so you must have “prime” terms attached to the end!

(1) A ==bh (2) tan(6) = %
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Constants vs. Variables (Snapshot vs. Movie)

A confusing part of Related Rates is deciding what to plug in before the derivative and what to plug in after.

Strategy: The Movie Test. Imagine a movie of the problem happening.

e Constant: If a quantity never changes throughout the entire movie (e.g., the length of the ladder), you plug
the number in now before differentiating. As a constant, its derivative is 0.

e Variable: If a quantity changes during the movie (e.g., the distance from or to the wall), you must leave it as
a variable (for example, x). You plug the number in later after differentiating.

Drill C. A 10-foot ladder slides down a wall.
At a specific moment, the base is 6 feet from the wall and sliding away at 2 ft/sec.

(a) Draw a sketch of this scenario.

(b) Determine if the following quantities in this scenario is a Constant (C) or a Variable (V).

Quantity Type (C/V) | Value/Symbol to use
The length of the ladder C 10
The distance from base to wall X

The height of the top of ladder

The speed the ladder slides

(c) Using (a), relate as many quantities as you can from (b) with an equation.

(d) Differentiate your equation from (c).

(e) Use (d) to compute the rate at which the ladder is sliding down the wall when the base is 6 feet away from the wall.
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Drill D. Translate the English phrases into Calculus notation (using x, V, h, 8 and derivatives).

v _,
dat

(1) “The volume is increasing at a rate of 5 cubic cm per second.” —
(2) “The radius is decreasing at 2 cm per second.” —

(3) “The water level (h) is rising at 4 cm/min.” —

(4) “The distance (x) is unchanged.” —



Algebra Skills Lab 7 Page 1 MATH 111 (W26)

Algebra Skills Lab 7
The Method of u-Substitution

Integration by Substitution (usually called “u-sub”) is Chain Rule in reverse.

It is an algebraic process of changing everything under the integral in terms of the variable x (or whatever may be the
original variable) to everything in terms of the new variable u to simplify an integral.

1
/ x3 sin(x*)dx
0

To succeed, you must manage 2 + 1 things perfectly: the differential (dx), the leftover variables, and the bounds.

In this method, you will choose an “inside function” labelling it u = g (x).

Part I. Computing the Differential (du)

You first compute du using u = g(x)
u=g(x)~~du=g’'(x)dx

and then express dx in terms of du.

Drill A. For the given choice of u, calculate du and then isolate dx.

Choice of u Compute du = g’ (x)dx Isolate dx Rewrite the expression in terms of only v & du
u=3x+1 du =3dx dx=1§du V3x +1dx =
u=x* du = 4x3 dx x3dx = j_ldu x3sin(x*) dx =
u = 5x cos(5x) dx =
u=1-x2 X dx =
1-x2
u=+x=x"? & dx =
Vx
u = cos(x) tan(x) dx =
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Part II. The “Leftover” Variables (back-substitution)

Sometimes, after substituting v and du, there is still an x remaining in the expression. For example, if we repeat the steps

from Drill A for
XVx + 1dx

we have
U=x+1 ~» du=dx ~ xVx+1dx=x\Vudu

But we want our final expression to be entirely in terms of u. You must solve your original u-equation for x to get rid of it.

Strategy: Solve for x. If u = x + 1, then simple algebra tells us that x = u — 1.

We can plug (v — 1) into any remaining x in the expression to obtain

XVx + 1dx =xVudu = (u—-1)Vudu

Drill B. Use back-substitution to write the given expression entirely in terms of u

Choice of u du Rewrite in terms of only u & du
u= du = x(1 —x)3/2dx=
u= du = x2(x? = 1) dx =
u= du = X dx =
1-x2
u= du = e‘/; dx =
u= du = (sin(x))3dx =

this will be useful: (sin(x))3 = (sin(x))? - sin(x) and (sin(x))? = 1 — (cos(x))?
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Part III. Changing the Bounds (for definite integrals)

Warning. NEVER write x-bounds on a u-integral.

b

If the integral is / , those numbers a and b are x-values (x = a to x = b).
a

If you change variables to u, you must change the bounds to u-values.

x=b u=g(b)
/ (function in terms of x) dx = / (function in terms of u) du
xX=a u=g(a)

Drill C. Calculate the new Upper and Lower bounds in terms of u

Integral Substitution with u Old Bounds (x) New Bounds (u)

2 x=2 u=1-(2)2%=-3
/ 2x(1 = x?)3 dx u=1-x* 5

0 x=0 u=1-(0)*=1

4 1
/1 w s

n/2
/ sin®(x) cos(x) dx u=
0

0
/ x(x +1)%dx u=

1

New Integral

Rewrite these integrals in terms of u and du
and with the new u-bounds
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Algebra Skills Lab 8
Review: Related Rates & Substitution

This lab synthesises the two major algebraic procedures we have learned recently:
1. Related Rates: Distinguishing between variables (the “Movie”) and constants (the “Snapshot”).

2. Integration: The distinct workflows for Indefinite vs. Definite integrals when using u-substitution.

Part I: The Movie vs. The Snapshot

In Related Rates, a common error is plugging in numbers too early. You must distinguish between:

e the equation that is true for all time (The Movie); and

e the numbers that are true only at a single moment (The Snapshot).

The Golden Rule of Related Rates.

e The Movie (Differentiation Phase): Use Variables (for example, x, y, 0).

If a quantity changes over time, keep it as a letter. You differentiate this equation.

e The Snapshot (Evaluation Phase): Use Values (for example, x =4, y = 3).

Only plug these in after you have taken the derivative.

Drill A. Scenario: A camera on the ground is filming a rocket launching vertically. The camera is fixed 3000 ft from the
launchpad. The rocket is rising.

.

7’
Camera @

(a) Label the moving quantities with variables and the constant with their values in the above diagram.

(b) Write three “Movie Equations” where each equation relates two unknown moving variables.
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(c) Differentiate your Movie Equations with respect to t.

(d) You are told the rocket is rising with constant speed 500 ft/s. Plug in this value into two of your “Movie Equations”

(e) Your snapshotinformation is: what is the rate of change of the unknown quantities when the rocket is 4000 ft high.
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Part II: The Fork in the Road (Definite vs. Indefinite)

When you perform a u-substitution, the computational path splits depending on whether you have

b
bounds - definite integral / or no bounds - indefinite integral /
a

Two Different Endings with u-substitution.

I. Indefinite Integral / .-+ dx: You want a function at the end.

e Perform substitution.
o Integrate.

e Mandatory: You must plug u = g(x) back for your final answer.

b
II. Definite Integral / -+ dx: You want a number at the end.
a

Perform substitution.

Mandatory: You must calculate new bounds u(a) and u(b).

Integrate.

Forbidden: Do not go back to x at the end. Plug the new u-bounds into the u-antiderivative.

Drill B. Compare the process for the same integrand. Do not just solve; fill in the specific steps requested.

Let u=x2+1 ~» du=2xdx

Indefinite Integral Definite Integral

]
/ 2x(x2 +1)3 dx / 2x(x% +1)3 dx

0

1. Rewrite in terms of u

u=7?
3
1. Rewrite in terms of u /u:? u”du
/ u3 du New Bounds:
u(0) =
u(1) =
2. Integrate (anti-differentiate) 2. Integrate (anti-differentiate)
u? ut]”
a*e El

3. Finish the problem 3. Finish the problem
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Part III: Advanced Back-Substitution

Sometimes du does not remove every x. You must solve for x in the u-equation to finish the job.

Drill C. Evaluate

/ x3Vx2 - 3dx
Step 1. Letu =x? — 3. Find du.

Step 2. Substitute back everything.

Have you eliminated all appearances of x? If not, then this is illegal and must be fixed.

Step 3. The Fix: Use u = x? — 3 to find the remaining x-term in terms of u and substitute this into the integral.

Step 4. Distribute and Integrate.

Step 5. Finish the question.
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Algebra Skills Lab 9

Critical Points & Optimization

To find the maximum or minimum of a function, we must find where the slope is zero (f’(x) = 0). While the derivative
rules are straightforward, solving the resulting equation often requires advanced factoring techniques, particularly with
fractional exponents and exponentials.

Part I: Solving f'(x) =0

Strategy: Solving Equations with Fractional Powers. When you apply the Power Rule to terms like x'/2 or use the
Product Rule, you often get expressions with negative exponents. To solve f’(x) = 0, do the following:

A. Example: Solve x?/3 — x~1/3 = 0,

1
B. Rewrite the Equation with Radicals & Fractions: x2 + ? =0
X

1
C. If the equation is undefined for some x, record that x-value: Vx2 + ? undefined at x = 0.
X

D. To solve multiply the equation with whatever appears in the denominator:

1
Multiply the equation Vx2 + % = 0 with v/x giving us
x

\3/)3+1=0

E. Simplify if you can and solve: Vx3 = x and therefore the equationisx + 1 =0givingus x = —1.

Warning. Never cancel x. If you can cancel an x, then first record x = 0 as a possible solution first.

Drill A. Solve for x in the following equations (arising from derivatives).

(@) 3x%2 =12x

(b) x2e* + 2xe* =0 Hint: Factor out xe*. Recall e* is never 0.

(C)’I—;:O
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2 5
(d) 5)(—1/3 — §)(2/3 =0 Follow the strategy above.

(e)x——==0
X

X2 —5x+6
X2 +4x +4

(f)

Drill B. In the equations in Drill A, record for each part if there was an x-value at which the expression was undefined.
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Part II: Optimization (Setting Up the Model)

In Optimization problems, you are often given two variables (e.g., x and y) but you can only take the derivative of a
function with one variable.

You must use a constraint equation to substitute one variable for the other.

Strategy: Constraint vs. Objective.

I. Constraint: The equation involving a fixed number given in the problem (e.g., “amount of fencing is 1200 ft").
Use this to solve for y.

II. Objective: The equation you want to maximise or minimise (e.g., “maximise the area”). Substitute y into this
equation.

Drill C. For each scenario, identify the Constraint and Obijective, then produce the final single-variable function f(x).

Scenario Constraint (Fixed) Objective (Max/Min) Function f(x)

A farmer has 2400 ft of fencing (P)

2x + 2y = 2400 A=x A(x) =x(1200 — x
to enclose a rectangular field (A). y y (x) ( )

You need to construct a box with
a square base and volume 32 ft>. S = b? +4bh
Minimize Surface Area.

Product of two numbers is 100.
Minimize their sum.

Part III: Full Optimization Practice

Drill D. The Open Box Problem. A square sheet of cardboard 12 inches on a side is to be made into an open box by
cutting squares of equal size (x) from each corner and folding up the flaps.

[K——— 12 inches —I

Step 1. Setup: Write the dimensions of the folded box in terms of x.

e Length = e Width = e Height =

Step 2. Objective Function: Write the Volume V(x) =L - W - H.
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Step 3. Critical Points: Find V' (x) and solve V’/(x) = 0.

Step 4. Conclusion: Which x gives the maximum volume? (make sure to check the domain of V).
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Algebra Skills Lab 10
A Self-Diagnostic

Aa tool for you to audit your own algebra toolkit before the final exam.

Calculus is 25% concept and 75% algebra; use this sheet to identify exactly which 90% you need to review.

Skill Inventory
Go through the list below. Be honest.
* Green (G): “I can do this in my sleep.”
* Yellow (Y): “I can do this, but I usually need a hint or I make small arithmetic errors.”

"

* Red (R): “I dread seeing this on a page. I don't know where to start.

The Algebra Skill Lab Ref G Y R

Pre-Calculus Foundations

Rewriting roots as fractional exponents (Vx2 — x2/3) Lab 1,4 RN
Rewriting fractions as negative exponents (1/x3 — x=3) Lab 1, 4 HEEEREE

]
[l
]

Expanding (x + h)? or (x + h)3 correctly Lab 1

Limits & Derivatives

Rationalising Numerators (Using Conjugates VA + VB) Lab 2,4 D |:| I:l
Simplifying Complex Fractions (Common Denominators) Lab2, 4 HERERRE
Factoring out Dominant Powers (Limits at oo) Lab 2,4 D |:| D
Decomposing Functions (Identifying Inner vs Outer) Lab 3 D D I:l
Solving f’(x) = 0 with fractional powers (e.g., x~'/3) Lab9 OO

Applications (Rates & Optimization)

Implicit Differentiation with respect to time (x ~» dx/dt) Lab 5 D |:| D
Distinguishing Constants vs. Variables (The Movie Test) Lab5, 8 D |:| D
Identify Constraints vs. Objective Function Lab9 L] 1 O

Integration

Computing Differential du and isolating dx Lab 7 HERERRE

]
]
]

Back-Substitution (Solving for x in terms of u) Lab 7,8

Changing Bounds for Definite Integrals (x-bounds ~» u-bounds) Lab7,8 L] 1 O
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Strategy Association

In a test, no one tells you “Use the conjugate method”. You must recognise the visual cue yourself.

Draw a line connecting the Visual Cue to the correct Algebraic Strategy.

Visual Cue (The Problem) Algebraic Strategy (The Tool)
Multiply by Conjugate
2 _
jm 221 VA+ B
x—oo  2X + \/Z+ \/E
— Product Rule
/X X+ Tdx First-d(Second) + Second-d(First)
’ Vx +h — X Implicit leferent&e;(tmn
pm h Do not forget —
dt
Rate of change of Area Factor Dominant Power
A=xy e.g., divide all terms by x?
Two cars moving apart Back-Substitution
X>+y?=2° solveu=x+1~x=u-1

Part III: Pitfall Patrol

These are the most common ways to lose points even if you know the calculus.

Check the box if you commit to not doing these things.

D The Square Root error: I will remember that vx2 + y2 # x + y.
1

D The Power Rule error: I will rewrite — as x~3 before differentiating (not In(x3)!).
X

D The "Too Early” error: In Related Rates, I will not plug in numbers until after I have differentiated.

b
D The Bounds error: If I write / f(u) du, I promise that a and b are u-values, not x-values.
a

2

1
D The Cancellation error: I will not cancel x's in to get x + 1. (Splitting the fraction is okay!)
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Final Game Plan

Look at your “Red” items in Skill Inventory.

Identify the two concepts that are most likely to appear on the Final Exam that you are currently /least prepared for.

1. Priority Concept 1:

I will fix this by re-doing Drill ________ from Algebra Skills Lab #

2. Priority Concept 2:

I will fix this by re-doing Drill ________ from Algebra Skills Lab #
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