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What is Complex Analysis? The main object of study is a holomorphic function f : G — C,
where G C C. Namely, a function for which the limit

L fEHh) = £(2)
h

h—0

exists and is finite on an open set; that is, a complex-differentiable function on an open set. As a set,
C = R?, so one can naively expect the theory to be similar to that of real analysis, in this case the
behaviour of differentiable functions. Interestingly, the requirement of holomorphicity can yield
results that have no counterpart in the real case.

A prime example of this is Louiville’s Theorem. Every bounded holomorphic function is constant.

Discussion 0.0.1. We begin with first addressing the existence and nature of C itself. Let R denote
the (field of) real numbers. One immediately deduces that the equation

X*+1=0 (%)

has no solution in the real numbers. The (field of) complex numbers C stems from our desire to
find a set containing R that extends the algebraic operations of addition and multiplication of real
numbers and which contains not only solutions to the polynomial equation above but solutions
to all polynomial equations.

Surprisingly enough, the construction amounts to defining a symbol i that is a solution to (*) and
then considering all expressions of the form

x+iy, x,y€R

1. Part . Preliminaries

1.1. Construction of the (field of) Complex Numbers

Definition 1.1.1 (The set of Complex Numbers). A complex number z is simply an order pair z :=
(x,y) of real numbers. Thus, the set of all complex numbers is given by

C=R*={(x,y) : x,y €R}
If z = (x,y) is a complex number, then we call
Rez:=x and Imz:=y

the real and imaginary parts of z respectively.

Two complex numbers z; and z; are equal if and only if Rez; = Rez; and Im z; = Im 2.

If Rez = 0 and Imz # 0, we say that z is purely imaginary. The set of purely imaginary complex
numbers corresponds to the y-axis and is called the imaginary axis in C.
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Definition 1.1.2 (Binary Operations on C). Letz; = (x1,1) and zp = (x2,y2) be complex numbers.
Then their sum is

z1+ 22 = (x1,11) + (%2, ¥2) == (x1+ x2, )1 + V2)

and their product is

2120 = (x1, 1) - (%2, ¥2) == (x1X2 — Y12, X1Y2 + X2Y1)

Proposition 1.1.3. There exists a subset of C that is algebraically indistinguishable from R.
Proof. Consider the set (the x-axis)
R x {0} ={(x,0) : xe R} CC.

There is a bijection
$:R— R x{0}, x+— (x,0).

Moreover,
¢(x) + ) = (x,0) + (,0) = (x +,0) = ¢p(x +y)
¢(x) - ¢(y) = (x,0)- (y,0) = (xy =0-0,x-0+y-0) = (xy,0) = ¢(xy) 0
According to the proposition, the operations of addition and multiplication on complex numbers

we have defined extend the operations of addition and multiplication of real numbers. We there-
fore call the x-axis, the real axis.

Discussion 1.1.4. We identify each complex number (x,0) with the corresponding real number x;
more than that, abusing notation, we write

1=(1,0) and (x,0)=x(1,0)=x
Now, define the imaginary unit i :== (0,1). Then
?=i-i=(0,1)-(0,1) = (0> -1%1-0+1-0) = (-1,0) = —1.
Moreover, for any z = (x,y) € C we see that
z=(x,y)
=(x,0)+y(0,1) =x+iy =Rez+ilmz
Hence, with our new notation
C={x+iy : x,yeR, i*=—-1}

and
21+ 20 = (%1 +iy1) + (x2 +iy2) = (x1 + x2) +i(y1 + y2)

Z1+2p = (xl + iy1) . (Xz + iyz) = (x1x2 — ylyz) + i(xlyz -+ x2y1)

Although we have expanded the real numbers and we will see that the complex numbers have
several new and familiar properties. We do end up losing one property of the real numbers when
working with complex numbers: total ordering (that extends the one on R or is compatible with
multiplication). In the world of complex numbers, it no longer makes sense to ask if z; > z, (see
Problem 9).
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In practice, the product of complex numbers can be computed by multiplying the expressions as
if they were polynomials in the variable i, and using i* = —1. The fact that this works is left as
Problem 3.

Example 1.1.5. Compute (1 +i)(1 — 3i).

Answer. We note
(14+4)(1—3i) = (1—3i)+i(1—3i)

= (1-3i)+ (i —3i%)
=(1-3i) 4 (i4+3)=4—2i 0

Proposition 1.1.6 (Algebraic Properties of (C,+, - )).
(1) Additive Identity. For every z € C

z+0=z=0+z
(2) Associativity of Addition. For every triple z1,z5,z3 € C
21+ (22 +23) = (21 + 22) + 23
(3) Commutativity of Addition. For every pair z1,z2 € C

zZ1+ 20 =20+ 279

(4) Additive Inverses. For every z € C, there exists a complex number, denoted —z, such that
z4(—2z)=0=(—z)+z
In fact, —z = (—1)z, which is described in Problem 2.
(5) Multiplicative Identity. For every z € C
z:-1l=z=1-z
(6) Associativity of Multiplication. For every triple z1,z2,23 € C
z1-(22-23) = (21 22) 23
(7) Commutativity of Multiplication. For every pair z1,z2 € C

2120 = 2227

(8) Multiplicative Inverses. For every z € C* := C \ {0}, there exists a complex number, denoted z !
or 1/z, such that

1
In fact, if z = x + iy, then z 7! = = xziyz —1 szyZ'
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(9) Distributive Law. For every triple z1,z2,z3 € C
(z1+22) z3=21-23+22-23

Proof. (1) - (7) and (9) are left as Problem 4. One proves these directly by showing that the left
hand side matches the right hand side.

(8) We note that

z- 1o (x +iy) i Y
z D \ery 21y

_(x4i I G )

= (x +iy) <x2+y2 +i x2+y2>

(. x (=) (. (=y) X

= (x 2+ y x2+y2> —|—z<x x2+y2+y 2+ 12

x2 y2 (—yx +xy
B (x2+y2 " x2+y2> i < x4y )
24yr

=1
Of course, we should comment that z = (x,y) # (0,0) if and only if x> + y* # 0 (one proves
this by stating and proving the contrapositive). u

Remark 1.1.7. In the language of algebra,

* (1) - (4) tells us that (C, +) is an abelian group.
* (5)—(8) tells us that (C*, - ) is an abelian group.
* (1) - (9) tells us that (C, +, - ) is a field.

Definition 1.1.8. Consider z1,z, € C. We define subtraction and division as follows, respectively:
71— 2 =21+ (—22)
Zl -1 1
—=z1-z, =z1-|— ), z 0
zz 172 1 (Zz) 2 F
Writing down z1/z2 as x + iy is not easy to remember, one obtains it by a method akin to "ratio-
nalising the denominator", in this case we could call it "realifiying the denominator"
Z1 _ X1+iy1 . xZ—iyz
Zn X2 +1iy2 X2 — iy

This method will be clarified soon when we talk about conjugates and absolute value.
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1.2. Geometric Properties of Complex Numbers

Asa set, we have C = R?, soit’s natural to visualise complex numbers as points in the complex plane
(also called the Argand plane).

Imaginary Axis

Real Axis

R

Geometrically, addition of complex numbers is just the addition of the corresponding vectors in
the euclidean plane. We will soon see a geometric interpretation of multiplication.

Imaginary Axis

Real Axis

Definition 1.2.1 (Modulus). The modulus (or absolute value) of a complex number z = x + iy, de-
noted |z|, is the length of the vector (x,y), or equivalently its distance from the origin; namely

2= \/(Rez + (Im2)> = /32 + 12 = [|(x,y)|

Notice that this extends the usual absolute value of real numbers, as the modulus of a real number
is its absolute value.

We can then immediately derive a useful inequality;,
z]* = (Rez)? + (Imz)? > (Rez)?, (Imz)?,

giving us
Rez < |Rez| < |z| and Imz < |Imz| < |z].
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Definition 1.2.2 (Distance). The distance between two complex numbers z; and z; is

121 — z2| = || (x1,y1) — (x2,¥2) || = |[(x1 — %2, 51 — y2) ||

That is, it’s the euclidean distance between the vectors representing these complex numbers.

Discussion 1.2.3. The absolute value can be used to define various important subsets of C.

(1) e The circle of radius R > 0 centered at zy is the set
Cr(z0) ={z€C : |z—2z)| =R}
o The open disk (or ball) of radius R > 0 centered at zg is the set

DR(Z()) = {Z eC: ’Z—Zo| < R}

CR (Zo)

o The closed disk (or ball) of radius R > 0O centered at zy is the set

ﬁR(ZO) = {Z eC: |Z —Zo‘ < R} = DR(Z()) UCR(Z()).

(2) The (open) annulus of inner radius r > 0 and outer radius R > O centered at z is the set

Arr(z0) ={z€C:r<|z—2z <R}
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Proposition 1.2.4 (Triangle Inequalities). For all z1,z, € C, the following inequalities hold.

(1) |z1+ 22| < |z1| + |22

(2) |z1 £ 22| > ||z1| — |z2||- We sometimes refer to this inequality as the reverse triangle inequality.

Proof.
z1+ 22
z1  _--"" -
. N
o |21
NS
¥4y
\m\
(1) A standard fact about triangles.
(2) We first assume that |z;| > |zp|. Then, ||z1| — |z2]| = |z1| — |2z2]. Now, note that

21| = [z2| = |21 £ 220 F 22| = |22
< |z1 £ 22| + |F2z2| — |22], triangle inequality
= |z1 £ 22| + |z2] — |22
= |z1 &+ 25|

If we instead assume |z;| > |z1|, then we do the same computation with the roles of z; and
zp switched.

O

Proposition 1.2.5 (Modulus is Multiplicative). For all z,w € C and positive integers n,

() |zw| = [2] [w].

Proof.

@ || = [2I".

(1) Leftas Problem 13. One proves these directly by showing that the left hand side matches the

right hand side.

(2) The proof of this is by induction. n = 1 is a tautology, and n = 2 is (1) in the case w = z.

Bhamidipati

Therefore we have the result by the principle of mathematical induction.

Assume the statement is true for n = k, that is |z*| = |z|*. Then, for n = k41

22 = 2] 2], using (1)

= |z|k |z|, using the induction hypothesis

k+1
= |2|

O
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Definition 1.2.6 (Complex Conjugation). Given a complex number z = x + iy, its (complex) conjugate,
denoted z, is
Z=x—1y

Geometrically, z is the reflection of z about the real axis.

z=x+1y
y |
:vx
~y . .
zZ=x—1y

Proposition 1.2.7 (Properties of Conjugation). For all pairs z,w € C, we have
(1) z=z
2) |z| = Iz|
B z+tw=z+w
(4) zw=zw
(5) 2z = |z|*

z4+z z—

(6) Rez = andImz = ——
2i

(7) z€ Rifandonlyifz =2z

Proof. (1) - (3) is clear geometrically. (4), (6) and (7) are left as Problem 14, (7) can be proved using
(6) and can also be deduced geometrically. One proves these directly by showing that the left hand
side matches the right hand side.

(5) Letz = x + iy, then
2z = (x +iy)(x — iy)
= x? —ixy + iyx — i%y?
=2+ +i(yx —xy) = >+ % = |z .

Discussion 1.2.8. Proposition 1.2.7 (5) gives us a nice formula for z~! for z € C*. For such a z, we
have zZ = |z|*, which gives us

z z

2T =z — = —

|
_

|
_

N

This tells us that z~! is just a scaled Z, which means, geometrically speaking, z~! lies on the line
passing through the origin and z.
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Recall that every non-zero point (x,y) € R? can be re-written in polar coordinates (r, ) as
x=rcosf and y=rsind

This suggests the following definition.

Definition 1.2.9 (Polar Form). If (r, 0) are polar coordinates for a non-zero (x, y), then the polar form
of a non-zero complex number z = x + iy is

z =r(cosf +isin0)
We sometimes abbreviate cos 0 + isinf as cisf, so z = rcis 6.

Evidently, (,0) are related to (x,y) by the equations

:L,sin@:%:L,sotanG:z

We have to be careful and take into account which quadrant (x, y) belongs to, if we think of 6 with

respect to its formulation using tan.
/ \

|zl =r and cosf = %

z

“

Since sin and cos are periodic functions, 6 is not unique (you can replace 6 with 6 4 27). Each
possible value of 6 is called an argument of z, and the set of all such 0 is denoted as arg z. That is,
if fy is one solution of tan = y/x, then

argz = {0p+ 2kt : ke Z}

The polar form, specifically 6 is unique, as soon as we specify bounds on 6. The unique argument
in the interval (—7t, 7] is called the principal argument denoted Argz. Precisely speaking,

Definition 1.2.10. For z = x + iy, we have

arctan(y/x) ifx >0 (quadrants1&1V)
Argz = q arctan(y/x) +m ifx <Oandy >0 (quadrant II)

arctan(y/x) — . ifx <Oandy <0 (quadrant I1I)
Notice that we can then write

argz = {Argz+2km : ke Z}
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Definition 1.2.11 (Euler’s Formula). ¢ := cis§ = cos + i sin . Therefore |ei9‘ =1

Remark on Definition 1.2.11. This is for now a stopgap, defining e in this way. In a few weeks,
we’ll see that this is truly an equality of holomorphic functions. Euler deduced this by looking at
the Taylor series expansion of these functions. We haven’t built or discussed enough machinery
to give this reasoning a solid foundation yet.

Using Euler’s formula, one can write the polar form of a non-zero complex number, even more
succinctly in its exponential form
z=re

Example 1.2.12.

(1) Exponential form of 1+,
1+i=+v12412=+v2 and Argz = arctan(1) = g

So, 1+i=/2e"/4,
1+1

(2) Note that

1=e0=e¢*"foranyncz, i=¢e""? —1 =" =@V forany n € Z

One could write —i = ¢¥7/2 but 377/2 # Arg(—i); instead we should write —i = e~/2.

(3) The circle Cr(zo) has a nice parametrisation

Cr(z0) = {z:zo—i—ReW :0<0 <2}

20

CR (ZQ)
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Example 1.2.13 (in-class). Write the exponential form ofz =1 —i.

Answer. As a point on the plane, since Rez > 0 and Imz < 0, the complex number z = 1 — i lies
in the fourth quadrant. Thus,

r=lz| = /(12 + (-1)2 = V2

Argz = arctan(—1) = _g

Thus, 1 —i = v/2e" /4, O

Proposition 1.2.14 (Properties of Exponential Form). Let z = re'® and w = se’? be non-zero complex
numbers. Then

(1) zw = rs ¢l 0+¢)

2) z7V = (1/r)e™™

(3) 2" = 1", foranyn € Z

(4) z=re 1

(5) z/w = (r/s)e!®=9)

Proof.
(1) Note that
zw = (re")(se'?) = rs(cos @ + isin ) (cos ¢ + isin¢)

= rs((cos 0 cos ¢ — sin@sin¢) + i(cos O sin ¢ + sin 6 cos ¢))
= rs(cos(0 + ¢) +isin(0 + ¢))

= rsel(0+9)

(2) It suffices to show that (re®)((1/r)e~") = 1, for which we use (1).

(3) We first prove this result for n > 0, the result is clear for n = 0 and n = 1. Assume the result
is true for n = k, that is zk = r*¢'*®. Then, forn =k + 1

k1 _ ok

z
= (r*¢™) (re'®) using the induction hypothesis
= L0 40 by (1)
_ phr1,i(k+1)0
Therefore we have the result by the principle of mathematical induction.

Suppose n < 0 instead, then write n = —m for a positive m > 0. Now, we can apply the first
case to z" := (z7!)™ to get our result.
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(4) Using zz = ]z|2 = 7%, we get that Z = 2z !, and the result follows from (2).

(5) Recall z/w = zw™!, and the result follows from (2) and (1). 0O

Discussion 1.2.15. Proposition 1.2.14 (1) gives us a nice geometric interpretation of complex mul-
tiplication. If z = re® and w = se’®, then zw = rs ¢/(®+9). This can be interpreted as saying that zw
is obtained from w by scaling w by |z| = r and rotating w by an angle of Arg z (or vice versa).

zw

0+ ¢ Z

Example 1.2.16. Let’s use Proposition 1.2.14 to compute (1 + )22, then
(14 )208 = (y/2¢i7/4)202
— (\/5)2023@1'7{/4)2023
_ 2022 i70/4\2024 ,—irt/4
= (V/2)2022/3 (/%) 2024,
— 1011, /515067 p—i/4
— 21011\/5671'7'(/4

— 21011(1 . l)

Example 1.2.17. Compute (1 + i1/3)1L.

Answer. We will first compute the exponential form of our complex number. Note that

11+iV3] =4/12+ (V3)2 = Vi =2,

and since 1+ i1/3 lies in the first quadrant of the complex plane

Arg z = arctan(V/3) = g

Therefore _
1+iV3 = 267/3

Bhamidipati 13 MATH 103A | Spring 2023



and so

(14 iv/3)10 = (2¢/7/3)101
— (2677/3)9 (2¢i7/3)2
— 2937 (1 4 i/3)?
= —2%(1-3+2iV/3), since33is odd
= —2%(-2+2iV/3)
_ 2100(1 _ Z\/g)

A few more interesting consequences of Proposition 1.2.14 are

(1)

(2)

The unit circle .
S'l={zeC:|z|=1}={e% : 6 R}

is closed under multiplication. It’s in fact an abelian group, usually denoted U(1).

i0

De Moivre’s Theorem. From Proposition 1.2.14 (4) applied to z = " we get

(cos B +isinB)" = (cosnf +isinnb)

Proposition 1.2.18 (Arguments of Products). Let z, w be non-zero complex numbers, then

(1)
(2)

arg(zw) = argz + argw

argw 1 = —argw

Note that this is not saying Arg(zw) = Argz + Argw, this is actually not true, we're claiming an
equality of sets. (1) and (2) together give us arg(z/w) = argz — argw.

Proof.

(1)

Consider § € argz and ¢ € argw, so z = re® and w = se'?. By Proposition 1.2.14 (1), we
have zw = rs ¢/(®+9) and therefore 6 + ¢ € arg(zw). Hence argz + argw C arg(z + w).

Consider ¢ € arg(z + w), and some 0 € argz then we claim that y — 6 € argw. We have
rs eV = zw = re’®w, then by Proposition 1.2.14 (5), we get w = sr'(¥=%), Hence ¢ — 0 € arg w,
and since ) = 0 + (¢ — 0) € argz + argw, we have arg(z + w) C argz + argw.

Therefore arg(zw) = argz + argw.

Consider § € argz, so z = re’’. By Proposition 1.2.14 (2), we have z=! = (1/r)e/(-% and
therefore —60 € argw~!. Hence —argw C argw 1.

Note that w = (w~!)~!, applying the above result to w~! gets us —argw ! C arg(w!)~! =
argwand soargw ! C —argw.

Therefore argw™! = — argw.

O
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Remark 1.2.19. For a complex number, argz is a set of all possible 6’s such that we can write
z = |z| €, as you know. Therefore, we will abuse notation by sometimes calling any § € argz as
an argument of z, and sometimes also writing z = |z| ¢/3™8. That is, we are not, or are careless
about, distinguishing the set arg z and its element when we can be agnostic about the choice of ¢;
for example, the polar form of a complex number. It will be clear when we choose to care about
out choice, it will be evident because we’ll be then forcing 6 to lie in an interval of length 27; for
example, the principal argument —7 < Argz < 7.

Example 1.2.20.

(1) The principal argument of z = (v/3 —i)®. We first note that Arg(v/3 —i) = —m/6. By
Proposition 1.2.18 (1), applied inductively, we have

arg(vV3— i) =arg(vV3—i)+ - +arg(vV3—i)={-m+2km : ke Z}

6 times

Then Arg(+/3 — i)° is the element in the set above in the interval (—7, 7r] which is 7.

(2) As mentioned previously, we can’t just replace arg with Arg in the statement of Proposition
1.2.18 (1). Here’s a simple example: let z = w = —1, then Argz = Argw = 7 and Argzw =
Argl =0but0 # 27r = Argz + Argw.

(3) Note that argz + argz # 2argz.

1.3. Roots of Complex Numbers

Lemma 1.3.1. Two non-zero complex numbers z, w are equal if and only if |z| = |w| and argz = arg w.

Proof. If |z| = |w| and argz = argw, then clearly z = w.

Suppose z = w, then we immediately get |z| = |w|. Consider 6 € argz and ¢ € argw, then we get
e = ¢! which is equivalent to saying cos(f — ¢) +isin(f — ¢) = ¢/®~#) = 1. This gives us

sin(6 — ¢) = 0.

The solution to this is 6 — ¢ = 2k for some k € Z. This gives us argz = argw. O

Definition 1.3.2 (Roots). Let a be a non-zero complex number. An n'"* root of a is a solution to the
polynomial equation z" — & = 0.

1/n

The set of all n' roots of a is denoted by a!/", we reserve the symbol /- for the unique posi-

tive n'f root of a positive real number.

Proposition 1.3.3 (Distinct Roots). There are precisely n distinct n'* roots of a, namely

(Arge | 2k
Bk = \"/\oc]el( " +”n), k=0,...,n—1
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Proof. Letz = re® and a = |a| 'A%, we solve

1 inf _ zArgzx_

e 2" = =|ale

By Lemma 1.3.1, this equality is true if and only if 7" = |a| and n = Arga + 2kt for some k € Z.
Therefore

- Arga | 2k7
z= |a\el<%+ "7), kez

We obtain distinct n complex numbers for k = 0, ..., n — 1 since they have distinct arguments, and
they necessarily give us the n distinct n™" roots of a. O

Discussion 1.3.4. With the notation of Proposition 1.3.3, the n't principal root of a is

‘B_n| l'ArgA
0= 1/|a| e
2
n

If we introduce the notation {,, = e’ , then

k 2k i

ok = e
According to the proposition, the complex numbers
2 -1
1/ gn/ gn/'-~/ Z

are the distinct solutions to z"" — 1 = 0, the n'" roots of unity, making (,, the primitive nt root of unity
as it generates all n' other roots of unity.

Then we can write the roots of « in terms of the principal root and the primitive root of unity

o= iflal 54 %)

cArga ki
=4 |(x’el noe - :ﬁogﬁ

That is, Bx’s all lie on the circle of radius {/|«| centered at the origin, and all of them are obtained
by rotating By by an angle of 2k7r/n. That is, they all lie on the vertices of an inscribed regular
n-gon.

Br—1
27 ﬁ()

. \\\\@\

ﬁ k
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Example 1.3.5.

(1) We compute explicitly the 4™ roots of « = —16. As a negative real number, Arg(—16) = 7,

SO
. ; k
=2 ez% (e%)
:2@mf+wm5)@m5+mmzyzz L N T Y.
4 4 2 2 V2 V2
Therefore

V2(=1+1i)

V2(=1—1) V2(1 —1)

Bo=V2(1+i), B1=V2(=1+i), Ba=+V2(-1—i), Bs=+2(1—1i)

(2) In the course of the previous example, we have computed the 4% roots of unity, since they
are
2kir kirt
4 2

e+ =e¢2, k=0,1,2,3

as Arg1 = 0. Letting {4 = ¢'™/2 = i, the 4™ roots of unity are Cg, Q, ﬁ, ﬁ, which are nothing
but 1, £i. Furthermore, note that i is the primitive 4th root of unity.

Example 1.3.6. We compute the 3 roots of unity, also called the cube roots of unity where we
denote w = (3, explicitly.

Let the primitive root be w = (3, then the cube roots of unity are

1, w, w?
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where we have

e3 = |cos— +isin—

w 3 3

i < 2 271) 1 @
2

i 4 4 1
w? eéLT = <cos;+isin:> = ——i\f

1.4. Basic Topology of C

Our purpose now is to define the kind of subsets of C that are suitable for doing complex analysis,
namely non-empty open connected sets.

Definition 1.4.1 (Open Disks or Neighbourhoods). Let ¢ > 0. Recall the open disk (of radius ¢
centered at z) is the set
D¢(z0) ={z€ C : |z—2z0| <e}.

We also refer to such an open disk as an e-neighbourhood or simply a neighbourhood.

A deleted (or punctured) open disk (or neighbourhood) is a set of the form

De(z0) \ {20} ={z€C : 0< |z—20| <e}.

Points belonging to the same e-neighbourhood are considered "close" to each other, in the sense
that they are within a distance of 2¢ from each other.

Definition 1.4.2 (Various kinds of Points). Considera S C C.
e Apoint z € S is an interior point of S if there exists an ¢ > 0 such that D,(z) C S.
e Apointz ¢ S is an exterior point of S if there exists an ¢ > 0 such that D,(z) NS = @.

* A point z € Cis a boundary point of S if it’s neither an interior nor an exterior point of S.
Equivalently, if every neighbourhood of z contains both a point in S and not in S.

¢ A point z € Cis a accumulation (or cluster) point of S if for every e > 0 we have

De(z) \ {z} NS # .
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e A point z € S is an isolated point of S if there exists an € > 0 such that D.(z) \ {z} NS = @.
Isolated points are examples of boundary point

N
P / ey \
- ~
, N [ -4
~
/ A ¥ Z1 VAN
/ \ /N s
, ~_-
I e \ \
1—3. 1 /’ \
I \

\\ Z3 y / X °
\ / A | Z4
b . / :

. _od /
7 I
’ /
, S
P i
4 — !
// -7 ~ /
- “ N
- / \ /
P / s \ ’
e | .;J 4
. 1/
’ \ V) ’

Here z; is a boundary point, z, an interior point, z3 an exterior point, and z4 is an isolated point
(and a boundary point).

Remark 1.4.3. The idea is that if we don’t move too far from an interior point of S then we remain
in S; a similar idea holds for an exterior point. But at a boundary point we can make an arbitrarily
small move and get to a point inside S, and we can also make an arbitrarily small move and get
to a point outside S. An accumulation point is one where it has other points from S within any
arbitrarily small distance, i.e. points "accumulate” near it; an isolated point is the exact opposite.

Definition 1.4.4 (Open and Closed Sets). Considera S C C.

¢ The interior of S is the set of all interior points of S, denoted S°.

S is said to be open if S = S°.

The boundary of S is the set of all boundary points of S, denoted 9S.

S is said to be closed if dS C S. Equivalently, if its complement is open.

The closure of S is the set S U dS, denoted S.

Example 1.4.5.

(1) The open disks Dg(zp) are truly open sets, and the closed disks Dg(zo) are truly closed sets.
The closure of the open disk Dg(zo) is Dgr(zo). The boundary of Dg(zp) is the circle Cg(zo).

(2) Consider the upper half-plane

H={z€C :Imz >0},
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then we have H° = H. Since by definition H° C H, it’s enough to prove H C H°. Consider
any z € H, thenImz > 0. Let e = (Imz) /2, we claim that

D:(z) CH

Let w € D,(z), then

Imz
|w—z|<s—T

The end of Discussion 1.2.1 tells us

I
mTz > |lw—z| > [Im(w — z)|

= [Imw — Imz|
The later is simply the absolute value of a real number, which gives

—Im—z<lmw—lmz< Irniz
2 2

Adding Im z throughout the inequality, we get from the inequality on the left hand side

Imw>ImTZ>O.

Therefore w € H, and hence D,(z) C H. Thus H° = H.

The points exterior to H are points z such that Imz < 0. That is, the exterior of the upper
half-plane is the (open) lower half-plane. The boundary of H consists of precisely points z
whose Imz = 0. Thatis, 0H = R.

The closure of His H = {z € C : Imz > 0}. While HU {0} is neither open nor closed.

Definition 1.4.6 (Bounded Sets). A set S C C is bounded if S C Dy,(0) for some M > 0. That is,
there exists an M > 0 such that |z| < M for every z € S.
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Definition 1.4.7 (Connected Sets). A set S C C is said to be connected if each pair of points z; and
z in S can be joined by a polygonal line, consisting of a finite number of line segments joined end
to end, that lies entirely in S. Otherwise, we say it is disconnected.

Definition 1.4.8 (Domain). S C C is called a domain if it's a non-empty open and connected set.

A region is a domain together with some or all of its boundary points.

Remark 1.4.9. Domains and regions are sets we will find most suitable for stating elegant results
about certain functions in a complex variable.

Example 1.4.10. H is a domain since it’s non-empty, open and any two points in H can be con-
nected by a straight line. It’s an unbounded set. An example of a region is HU {0}.
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2. Part II. Holomorphic Functions

2.1. Complex Functions
Definition 2.1.1. A function f : G — C is a rule that assigns to each z € G a unique number
f(z) e C.
The set G is called the domain (of definition). If S C G, then
f(8)={f(z) : z€ S}
is called the image of S under f.
The set f(G) is called the image (or range) of f. Points in f(G) are called values of f.

Given a function f, we define its conjugate f by the rule f(z) = f(z).

Discussion 2.1.2. If f : G — C is a function, then the value f(x + iy) = u + iv depends on a pair
(x,y) € R Collecting all values, we decompose f into its real and imaginary parts

f(z) = f(x+iy) =u(x,y) +iv(x,y); Ref=uand Imf =0,
where 1, v : R — R are real-valued functions in two real variables.

In practice, as the examples below tell us, this means replace your z = x + iy and do the required
operations to the output f(x + iy). The resulting complex number will be, as a complex number,
of the form u + iv. The real part is u, which you will obtain in terms of x and y, and the imaginary
part is v, which you will also obtain in terms of x and y.

Example 2.1.3 (Some Complex Functions).

(1) f(z) =2z* = (x+iy)* = (x* — y?) +i(2xy). So,

u(x,y) =x*—y* and o(x,y) = 2xy.
(2) f(z) =z=x—1iy.So,

u(x,y) =x and v(x,y) = —y.
(3) (in-class) f(z) = zZ = |z|* = ¥ + 2. So,
u(x,y) =x*+y* and o(x,y) = 0.
Such a function is real-valued.
(4) Polynomials of degree n are functions of the form
p(z) =ap+a1z+---a,z",

where a; € Cand a,, # 0.

A polynomial of degree 0 is simply a non-zero complex number, sometimes also referred to
as a constant polynomial.

Bhamidipati 22 MATH 103A | Spring 2023



(5) Rational functions (or polynomials) are functions of the form
(2)
z)

where p(z) and g(z) are polynomials. The domain of definition is wherever g(z) # 0. For
example,

=

A=)
—~

1
f:C*—>C,z+—>E

(6) If we express z in its polar form, then a function f, when we restrict its domain of definition
within C*, can be written as

f(z) = f(reie) =u(r,0)+iv(r,0)

For example,

fc*—>C z:reielele—zH:COS@_iSine

. 7 . p p g )
0 ino

Here u(r,0) = >~ and o(r, 0) = _2.

(7) (in-class) Let’s consider the function f(z) = Z2,in polar form we have
flre®) = (re®)?
= (re™")%, by Proposition 1.2.14 (4)
=r?e"?, by Proposition 1.2.14 (3)
= r?(cos(—26) + isin(—20))
= r?cos(26) — isin(260))
Therefore, here u(r,0) = 12 cos(26) and v(r,8) = —r?sin(26).

(8) Consider f(z) = z!/", where 1 is a non-zero integer. For no n # 1 is this a function! We have
seen previously that z!/" has n-distinct values. Such a "function” is called multi-valued.

1/n

We can make this into a (single-valued) function by assigning a single value of z*/" to each

z; taking the principal n'"* root of z, for instance. More on such functions soon.

2.2. Limits of Functions

Definition 2.2.1 (Limit of a Function). Consider a function f : G — C, and an accumulation point
zo of G.

We say that limit of f, as z approaches zy, is wo € C if for all € > 0 there exists a & > 0 such that

if 0<|z—2zo| <9, then |f(z)—wp| <e¢
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Equivalently, if z € Ds(zo) \ {20}, then f(z) € D¢(wy).

In this case we write lim,_,,, f(z) = wp or f(z) — wy, as z — zo.
Intuitively, the limit of f at zg is wy if
"f is arbitrarily close to wy eventually, that is sufficiently, near zp".

How close? Within an error of e. How near, eventually? Within a distance of é.

Example 2.2.2. Let’s show that lim,_; 22 =—1 using the definition.

Proof. Let e > 0 be arbitrary. Note that |22 — (—1)| =
suppose 0 < |z —i| < 1, then

|z — 1] |z + i|. We make an initial estimate,

|z+1i] = |z — 14 2]

< |z —i| + |21
<142
=3

Now, if we choose § = min {g,l}, then if 0 < |z —i| < 6 we get

0<\z—i\<1and§

So,
22— (-1)| = |z —i| |z + 1]
<3|z—i|, sincel|z—i| <1
<3~§, since |z — i <§
=
Therefore lim,_,; 22 = —1. O

Theorem 2.2.3. If f has a limit at zo, then it is unique.
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Proof. Assume
fim f(z) =a and lim f(z) = B

Consider an arbitrary e > 0, then we can find a §; > 0 such that

if 0<|z—2z9| <4, then |f(z)—a|<

N[ ™

and J, > 0 such that
if 0<|z—z| <6, then |f(z)— B <§

Define § := min {1,062} < 61, d, then if 0 < |z — zg| < J we have
o — Bl = [f(z) = f(z) + & — B
< o= f(2)[+ |f(z) — B
= [f(z) —af +|f(z) — B
€ €
< §+§
=¢

We have proven that |« — B| < ¢ for any ¢ > 0. Now, suppose a # B, then for e = |« — | > 0 we
get |a — B| < |a — B|, which is preposterous. Hence &« = f, and thus the limit is unique. O

Remark 2.2.4. The reason we require that zp be an accumulation point of the domain of f is just
that we need to be sure that there are points z of the domain that are arbitrarily close to zp. That
is, there are indeed points satisfying 0 < |z — zp| < d.

Our definition (i.e., the part that says 0 < |z — zg|) does not require zy to be in the domain of f,
and if zg is in the domain of f, the definition explicitly ignores the value of f(zo).

Uniqueness of limits can be used to show that a limit does not exist.

Example 2.2.5. The function f(z) = g has no limit at 0.

Discussion of Example 2.2.5. Let z = x + iy, then

f& =1t

Along the real axis, Imz = 0, and so z = x, giving us f(z) = g =1

Along the imaginary axis, Rez = 0, and so z = y, giving us f(z) = _yy = -1
Taking the limit along these axes gives us different values of the limit, 1 and —1. Hence, by the
uniqueness of limits, the limit doesn’t exist. O
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2.3. Theorems on Limits

Theorem 2.3.1 (Limit in terms of Real and Imaginary parts of a Function). Suppose that

f(2) = fx +iy) = u(x,y) +iov(xy)

Then
lim f(x+iy) = up+ivg
x+iy—xo+iYyo
if and only if
lim  wu(x,y) =uy and lim  o(x,y) = v
(xy)—=(x0.y0) (xy)—=(x0.y0)

Proof. (=) Consider an arbitrary e > 0, then there exists a 6 > 0 such that if
0< |[(x+iy) — (xo+iyo)| < &
then |f(x+iy) — (uo +ivo)| = [(u(x,y) +i0(x,y)) — (uo +ivo)| < ¢
We first note that, by definition
1, y) = (xo,50) || = [(x +iy) = (x0 + iyo)|

and the end of Discussion 1.2.1 tells us that

|u(x,y) — uol < [(u(x,y) +iv(x,y)) — (uo + ivo)| < e

[o(x,y) = o] < |(u(x,y) +iv(x,y)) — (uo+ivo)| <e
That is, we have that

if 0<||(x,y)—(x0,y0)|| <6, then |u(x,y)—uo| <e and |v(x,y) —vo| <e

Therefore,

lim u(x,y) =ug and lim v(x,y) =0
g Ty M OFrY) = 0 (g T ) W) = 20

(«<=) Consider an arbitrary € > 0, then there exists a 6; > 0 such that

if 0<|/(x,y)—(x0,y0)|| <1, then |u(x,y)—up| <
and there exists a d, > 0 such that

if 0 < [[(x,y) ~ (o,yo)ll < &, then [o(x,y) —vo] < 5
Define § := min {1,062} < 61, 6. Now, if

0 <[(x+1iy) — (xo+iyo)| = [ (x,y) — (xo, o) || <
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then
x,y)) — (uo +ivo)|
+i(ov(x,y) — vo)|

|f(x +1iy) — (uo +ivo)| = [ (u(x,

= |(u(x,y) —uo)| + |i| |(v(x,y) — 00|
= |[(u(x,y) —uo)| + |(v(x,y) — o)
P

22
=&

Therefore,

lim f(x+iy) = up+ivg
X‘I’l]/*))(g%’lyo

Theorem 2.3.2 (Limit Laws). Suppose

lim f(z) =a and lim g(z) =B

zZ—Zp Z—20

Then

(1) limzz(f(2) + g(z >) =a+p
(2) lim; ., (f(2) g(2)) =

(3) lim,_,, ggg = (X, provided B # 0.

p

Proof. The proof follows from Theorem 2.3.1 and limit laws from Calculus.

Example 2.3.3. Let p(z) be a polynomial, then

lim p(z) = p(zo)

Z—2Z0
Write p(z) = ap + a1z + - - - + a,2", then by Theorem 2.3.2 we have

lim p(z) = ZILI%(”OJ”“H )

zZ—Zp

(u(x,y) +io
(u(x,y) — uo)
< |(u(x,y) —uo)| + |i(v(x,y) —vo)|, by triangle identity
(u(x,y) — uo)
(u(x,y) — uo)

= lim ag + hm mz+ -+ ILm a,z", by Theorem 2.3.2 (1)
zZ—2Z0

z—70 z—

= limap+ lim a7 - lim z+ - - - 4 lim a, - lim z", by Theorem 2.3.2 (2)

Z—2Z) Z—2Z) Z—20 zZ—r20 zZ—2Z0

=ap+ azo + - - - + anzj, by Theorem 2.3.2 (2) and ILm zZ =29
zZ—2Z)

= p(20)
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Definition 2.3.4 (Extended Complex Plane or the Riemann Sphere). The Extended Complex Plane
is the set C together with a symbol co called the point at infinity, denoted C or C.

There is a bijection between the extended complex plane and the unit sphere given by the stereo-
graphic projection, and therefore the extended complex plane is also called the Riemann Sphere.

The point N (the north pole) corresponds to oo, and any point p on the sphere corresponds
uniquely to a point z € C which is the unique point of intersection of the complex plane with
the line passing through N and p.

Definition 2.3.5 (Neighbourhood of Infinity). Let ¢ > 0, the set

1
{zeC:|z]>}
€

is called a neighbourhood of co. Geometrically, a neighbourhood at infinity is the exterior of a circle
centered at the origin, which corresponds to a neighbourhood of N on the unit sphere.

Discussion 2.3.6. We can now easily give meaning to limits
i =
Jim f(z) = wo

where zp and wy are allowed to be co. We replace the appropriate neighbourhood in Definition
2.2.1 with neighbourhoods of co.

Theorem 2.3.7 (Limits involving Infinity).

(1) lim 1 0 if and onlyifli_{n f(z) = oo.
Z—2Z0

5 7@
: . 1 . o
(2) zh—>I£10 f(z) = llil’éf (z)’ provided the limit exist.
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Combining (1) and (2), we get

1
lim =0 ifandonlyif lim f(z) = oco.
ST

Z—00

Bottom line, we can simplify limits involving oo to limits involving 0.

Proof. The proofs are based on the simple observation that

%<b if and only if %<a

for non-zero real numbers a and b.

1
(1) Now ILm @ = 0 if and only if for every € > 0 there exists § > 0 such that
zZ—2Z0

‘f(lz)—o‘«

1
if 0<|z—2z9| <4, then ——
2=l 7]

if and only if for every e > 0 there exists § > 0 such that

if 0<|z—2zp| <9, then [f(z)] > %
if and only if lim f(z) = oo.

Z—2)

(2) 1i_>m f(z) = aif and only if for every € > 0 there exists § > 0 such that
Z— 0
1
if |z| > 5 then |f(z) —a| <e
if and only if for every ¢ > 0 there exists § > 0 such that

if0<’1
Z

<, then |f(z)—a|<e

if and only if, by replacing z with 1/z, lim f <1> = .
z—0 Z

228 +1
Example 2.3.8. We want to show lim % = oo. This is equivalent to showing
Z—00

(1/z)3+1

274 +1
li = -7 =0, f =
20 F(1/z)  S02(1/z)4+ 1 orfz2) = 3
Note that,
3
im 7(1/2)3 1 im 1;32
z—0 2(1/2)4 +1 250 #
Z
250 2+ z4
1
=0- 5
=0
4
Therefore lim 27;)41 =
z—o0 79+ 1
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Example 2.3.9 (in-class). Show lim 212 — oo
xampe o B 1n-class). szl—l;rt;lozz—f—:';—

Answer. This is equivalent to showing

. (1/2)%>+3 2+2°
1 e —_— = — f =
2~ Moy~ o fE) =
Note that,
2
lim 7(1/2)2 +3 _ lim %
202+ (1/2)° 250 2241
z
 lim 2. 14 322
250 2z5+1
1
3.t
=0 ;
=0
5
Therefore lim 22£ = 0. ]
z—00 724 + 3

2.4. Continuous Functions

Definition 2.4.1 (Continuous Functions). A function f : G — Cis continuous at zg € G if either zg
is an isolated point or

lim f(2) = f(z0) = 7 ( 1im =)
That is, for all ¢ > 0, there exists a § > 0 such that
if 0<|z—2z0| <9, then |f(z)— f(z0)| <e.

A function is continuous if it is continuous at every point in its domain.

By the limit laws (Theorem 2.3.2), sum, product and quotient of continuous functions are con-
tinuous (whenever and wherever defined).

Theorem 2.4.2 (Composition of Continuous Functions). Suppose we have two functions f : G — C
and g : Gp — Csuch that f(G1) C Gy. If f is continuous at zo and g is continuous at f(zo), then g o f is
continuous at zg. That is,

lim (£(2) = (£z0) = ¢ (Jim £2)) =g (f ((tim =) )

zZ—2Z0 Z—Zp Z—2Z0

Therefore, if f and g are continuous, sois g o f.
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Proof. By continuity of g at f(zo), for an arbitrary € > 0, there exists a 6; > 0 such that
if 0<|w— f(z0)] <01, then [g(w)—g(f(z0))| <e.
Now, by continuity of f at zg, for §; > 0, there exists a § > 0 such that
if 0<|z—2z0] <9, then [f(z)— f(z0)| < é1.
With these two statements, we have that
if 0<|z—2z20] <, then |g(f(z))—g(f(z0))| <e.

Therefore g o f is continuous at zp. O

Theorem 2.4.3. Suppose f : G — C is continuous at zo and f(zg) # 0, then there exists a § > 0 such
that f(z) # 0 forall z € Dgs(zo). That is, |f(z)| > 0 forall z € Ds(zp).

|f(zo0)]

Proof. Since f is continuous and non-zero at z, for e = > 0 there exists a 6 > 0 such that

if z € Ds(z9), then |f(z)— f(z0)| < V(;OM.

For such a z, the reverse triangle inequality gives us

@I~ 17l <15 — fla) < LE g0, I o)) i) < L0

since the former is the absolute value of real numbers. Therefore, adding |f(zo)| to this inequality
gives us

F) > L2

as needed. O

Theorem 2.4.4 (Continuity in terms of Real and Imaginary parts of a Function). Suppose that
f(z) = flx+iy) = u(x,y) +iv(x,y).
Then f is continuous at zg = xo + iy if and only if u and v are continuous at (xg, yo).
Proof. This is directly follows from Theorem 2.3.1. O]

Definition 2.4.5 (Compact Sets). A subset of C is said to be compact if it is closed and bounded.

Definition 2.4.6 (Bounded Functions). A function f : G — C is said to be a bounded function if the
image f(G) is bounded. Equivalently, if there exists M > 0 such that | f(z)| < M for every z € G.

Theorem 2.4.7 (Extreme Value Theorem). Suppose K C C is compact, and f : K — C is continuous.
Then f is bounded, that is there exists an M > 0 such that |f(z)| < M for all z € K, and there exists a
zo € K such that |f(zo)| = M.

Proof. Since f = u + iv is continuous, so are u, v : R2 5 R by Theorem 2.4.4. Hence, so is

F@ = [f(x+iy)| = /ulx,y)? +o(x,y)?

as it’s obtained as a sum, product and composition of continuous functions. This result then
follows from standard Calculus, since |f| is a real-valued function. ]
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2.5. Complex-Differentiable Functions
Definition 2.5.1 (Derivative). Consider a function f : G — C, the derivative of f at zp € G is the
d

limit
2 (F(a0)) = f(z0) = lim TELZSG0)

zZ—20 zZ—20
If the limit exists, we say f is differentiable at z.

A function is differentiable if it is differentiable at every point in its domain.

Letting h = A,z = z — z, the limit can also be written as

zo +h) — f(z0)

f'(z9) = lim £

h—0

Example 2.5.2. Consider f(z) = z2, then

fim LEAN @)y G =2

fl(z) =

h—0 h—0 h
. 2zh+ W?
= lim
h—0 h
=lim2z+h
h—0
=2z

Example 2.5.3. Where is f(z) = |z|* differentiable?

Consider z € C and an arbitrary i € C, then we compute

fz+h) = f(z) = |z+h]* — |z

=(z+h)(z+h)—=zz

=27+ zh+zh+hh — 2z

= zh+zh + hh
Then - — —
flz+h)—f(z) _zh+zh+hh _ ZE—FZ—FE

h h h

Along the real axis, h = 1, we have
ﬂz+2_f&):z+z+h

therefore, as h — 0, the limit is z + z. Along the imaginary axis, h = —h, we have

P =fE) _ o,
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therefore, as h — 0, the limitis —z + Z.

Since limits are unique, if f'(z) exists, then z +z = —z + z, which gives us z = 0. That is, if
f'(z) exists, it only exists for z = 0. So, does f(0) exist?
hh . -

£(0) = tim SO g P i — g

Proposition 2.5.4 (Differentiable Functions are Continuous). If f is differentiable at zo, then f is
continuous at z.

Proof. Suppose f is differentiable at zo, then
- N (i IO SN () g _
tim £(2) — f(za) =  tim FEZLEVY (i 2 —20) = a0 =0

Therefore lim, ., f(z) = f(zo), and hence f is continuous at z. O

Theorem 2.5.5 (Differentiation Laws). Suppose f and g are differentiable at z. Then,
(1) (¢)) =0, for every ¢ € C.

(2) (c¢-f)(z) =c-f'(z), forevery c € C. (Constant Rule)

(3) (z") = nz""1, for every n € Z (assume z # 0 for n < 0). (Power Rule)

4 (f+9)(z)=f(z)+ 4 (2). (Sum Rule)

(5) (fg)'(z) = f(z)g(z) + f(z)¢'(2). (Product Rule)
N\ oy f28E) ~ f2)g' =) :

(6) (g) (z) 2 (2)? , provided g(z) # 0 (Quotient Rule)

Proof. (1) and (4) are proved directly using the limit definition, (2) can be proved directly or using
(1) and (5), while (3) can be proven inductively using (5) for positive n and (6) for negative n.

(5) We first compute
fz+h)g(z+h) = f(2)8(z) = f(z+1)g(z+h) — f(2)8(2) + f(z + h)g(z) — f(z+ h)g(z)

=fz+h)(g(z+h) —g(2)) +8(z)(f(z+h) — f(2))
So,

(f¢)(2) = lim [ E T M8 +1) — f(2)s(2)

h—0 h

i JEEWEGE ) — () g+~ f(z)
h—0 h h—0 h

iy e+ )i B =8 )y S0 =10

= f(2)8'(z) + g(2)f'(2)
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(6) We first compute

1 1 Q(z) —g(z+h)
gz+h) g(z)  g(z)g(z+h)
_8(z+h) —g(2)
8(z)g(z+h)
So,
1 1
N o 8t g(2)
(5) @=im S
e 8z+h)—g(z) 1
=0  g(z)g(z+h) h
st g
h—0 h h—0 §(z)g(z + h)
_8(®)
8(z)?
(6) then follows from the computation above and using (5) on jgfgg = f(z)- g(lz)
O

Proposition 2.5.6 (Chain Rule). Suppose we have two functions f : Gy — C and g : Go — C such that
f(Gy) C Gy. If f is differentiable at zo and g is differentiable at f(zy), then g o f is differentiable at zo and

(80 f) (20) = §'(f(20)) - f(20)

Proof. Let’s start by defining an auxiliary function on G,

Since g is differentiable at f(zo), then lim,,_, ;) ¢(w) = 0 = ¢(f(z0)) and therefore ¢ is continu-
ous at f(zp). Furthermore, since f is differentiable at zo, it is continuous at zg. So lim,_,, ¢(f(z)) =
¢$(f(z0)) = 0 by Theorem 2.4.2.

Rewriting the above expression, we get the following expression which is valid on all of G,.

8(w) = 8(f(20)) = (w — f(20)) (¢(w) + &'(f(20)))
Now, for w = f(z) € f(G1), we have
8(f(2)) —8(f(20)) _ (f(z) = f(20))(9(f(2)) +8'(f(20)))
zZ— 2 Z— 2

(ZO))) . f(Z) _f(ZO)

zZ—2p

= (¢(f(z)) +8'(f

Bhamidipati 34 MATH 103A | Spring 2023



Lecture 14

Therefore,

(f(2)) — 8(f(20))

(g0 f)'(z0) = lim &

zZ—2Zg Z— 2
= lim (9(f(2)) +§(f(z0))) - lim L1 =L120)

= ¢'(f(20)) - f'(z0), since lim ¢(f(z)) =0

Z—2Z0

2.6. Cauchy-Riemann Equations

Theorem 2.6.1 (Cauchy-Riemann Equations). Suppose that
f(z) = flx+iy) = u(x,y) +iv(xy)
is differentiable at zg = xo + iyo. Then

(a) the first order partial derivatives of u and v exist at (xo, yo) and satisfy the Cauchy-Riemann Equations

ux(xo0,Y0) = vy(xo0,Yo) (CR)

uy(x0,Y0) = —vx(x0,Yo)

(b) f'(z0) = ux(x0,y0) + ivx(x0,¥0) = vy(x0,y0) — i tty(x0,Yo0)-

Proof. Since f is differentiable at zg, we have, where we let h = s + it

f(zo+h) — f(20)

! 1
f(z0) = lim I
iy [ (o +5) +ilyo + 1)) — f(xo + i)
h—0 h
_ im oS Yo+ 1) —ulxo,yo) ;o 0(X0 45,y + 1) — v(x0, o)
h—0 h h—0 h

As we know by now, we must get the same result if we restrict /1 to be on the real axis and if we
restrict it to be on the imaginary axis. In the former case, t = 0, giving us

(20) = lim u(xo+5,y0) = u(xo,¥0)  ; 1, 030 +5,y0) = o(%0,v0)

5—0 S s—0 S

= uy(x0,y0) + i vx(x0,Y0)

In the latter case, s = 0, giving us

f/(ZO) — lim u(x()/yo + t) - M(Xo, y0> +i-lim U(XO/yO + t) — U(XQ,yo)
t—0 it t—0 it

1 7 t - 7 .
= = -lim u(xo,yo +1) — u(xo,yo) + lim
1 t=0 t t—0

v(x0, Y0 + 1) — v(x0,Y0)
t

= —iuy(xo,yo) + vy(xo, yo)
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Therefore

ux(x0,¥0) + i vx(x0, yo) = f'(z0) = vy (%0, y0) — i uy(x0,Y0),
and hence 1, (xo, ¥o) = vy (X0, ¥0) and uy(xo, ¥o) = —vx (X0, Yo)- O
The Cauchy-Riemann equations (CR) are a necessary condition for f” to exist. We can use them to

locate possible points where the derivative does not exist but not necessarily conclude where and
if the derivative exists.

Example 2.6.2.

(1) Consider f(z) = |z|* = x2 4+ 2, so u(x,y) = x2 4+ y? and v(x,y) = 0. The partial derivatives
at (x,y) are
Uy = 2X Uy =0

uy =2y vy, =0

Therefore, the Cauchy-Riemann equations (CR) are only satisfied at (x,y) = (0,0). Hence
f is not differentiable at any z # 0. Again, note that this does not say anything about the
existence of f'(0).

(2) Consider f(z) =z = x —iy,so u(x,y) = x and v(x,y) = —y. The partial derivatives at (x, y)
are
u, =1 vy =0
uy =0 vy, = —1

Note that u, # v, for all (x,y) and therefore the Cauchy-Riemann equations (CR) are satis-
fied for no (x,y). Hence f is nowhere complex-differentiable.

(3) (in-class) Consider f(z) = (z +iz)?, let’s simplify f to identify its real and imaginary parts
u(x,y) and v(x,y).

f(z) = (z+i2)?

=72 — 7% 4 2izz

(z+7Z)(z—Z) +2i |z
= (2Rez)(2iImz) + 2i |z|* = 2i(|z|* + Rez - Im z)

F(x+iy) = 2i(x> 4 v + 2xy)

= 2i(x +y)?
Therefore u(x,y) = 0 and v(x,y) = 2(x + y)?. The partial derivatives at (x,y) are
Uy =0 vy =4(x+y)
u, =0 vy =4(x+y)

Therefore, the Cauchy-Riemann equations (CR) are satisfied if and only if 4(x +y) = 0, if
and only if y = —x. Hence f is not differentiable any z € C such that Imz # — Rez.

As commented, the Cauchy-Riemann equations (CR) are not a sufficient condition for the existence
of the derivative as the example below shows. Problem 49 gives another example.
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Example 2.6.3. Consider

Z2 z
f={7 kF °
0 z=0
Then,
x> — 3xy? P — 3y
u(x,y) = 2t &) # (0.0 and o(x,y) = a2ty (x,y) # (0,0)
0 (xy) = (0,0) 0 (t.9) = (0.0)

We show that u and v satisfy the Cauchy-Riemann equations (CR) at (0,0).

$3

_ -0
ux(0,0) = lim u(s,0) ~u(0.0) _ lim 5 =1
s—0 S s—0 S
uy(0,0) = lim u(0,f) ~u(0,0) _ lirnH =0
t—0 t t—0 f
02(0,0) = lim 250 =0(0.0) ;[ 0=0_,
s—0 S s—0 S
t3
_ 50
2,(0,0) = lim 0, =000 _ 2~ 4
t—0 t t—0

Therefore 1,(0,0) = 1 = v,(0,0) and u,(0,0) = 0 = —0v,(0,0), and hence the Cauchy-Riemann
equations (CR) are satisfied. But f'(0) does not exist, as seen in Problem 44.

Imposing certain existence and continuity conditions on the first order partial derivatives of 1 and
v, the Cauchy-Riemann equations (CR) can be upgraded to a sufficient condition for differentia-
bility.

Theorem 2.6.4 (Sufficient Conditions for Differentiability). Consider a function
f(z) = fx +iy) = u(x,y) +iv(x,y)
and a zq in the domain of f, such that

(a) the first order partial derivatives of u and v exist and are continuous in an open disk centered at zo;
and

(a) the Cauchy-Riemann equations (CR) are satisfied at (xo,yo).

Then f'(zo) exists and is given by ux(xo, Yo) + i vx(X0, Yo) = vy (X0, ¥o0) — i uy(x0, Yo).

Proof. We skip the proof. You can find a proof in [BC09, Section 22, Page 66]. O

Example 2.6.5. Let’s revisit examples from Example 2.6.2 and 2.6.3.
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(1) Consider f(z) = |z|* = x2 4 2, we noted that u(x,y) = x2 + y? and v(x,y) = 0. We have
seen that the only point where f(z) can be differentiable is z = 0. The partial derivatives in
a neighbourhood of (0,0) are

ux:2x Ux:O
uy =2y vy, =0

which clearly exist and are continuous. We have also seen that the Cauchy-Riemann equa-
tions (CR) are satisfied at (0,0), trivially. Therefore f'(0) exists and

F(0) = u,(0,0) +i0v,(0,0) = 0.

(2) Consider f(z) = (z + iz)?, we noted that u(x,y) = 0 and v(x,y) = 2(x + y)2. We have
seen that the only point where f(z) can be differentiable are z = x + iy € C such that

y =Imz = —Rez = —x. That is, at points of the form (x, —x). The partial derivatives in a
neighbourhood of (x, —x) are

uy =0 vy =4(x+y)

u, =0 vy =4(x +y)

which clearly exist and are continuous. Note the Cauchy-Riemann equations (CR) are satis-
fied at (x, —x) trivially, since

uy(x, —x) = uy(x, —x) = vy(x, —x) = vy(x, —x) = 0.
Therefore f'(z) exists, for z = x — ix, and
f(z) = ux(x, —x) +ive(x, —x) = 0.
(3) The reason Example 2.6.3 doesn’t contradict Theorem 2.6.4 is because, uy, in particular, is
not continuous at (0,0). Note that we have

x® — 3xy?
X2 () £ (0,0
oy T @9 #00

0 (x,y) = (0,0)

For (x,y) # (0,0), we compute u,(x,y) using the quotient rule, while we have already
computed u,(0,0) = 1 in Example 2.6.3, giving us

x* + 6x%y? — 3yt
X, 0,0
(%, y) = (x2 +y?)2 (x,y) # (0,0)

1 (x,y) = (0,0)

Suppose uy(x,y) is continuous at (0,0), then we have

x* + 6x%y? — 3y*

li )=l =u,(0,0) =1
R L P e 0.0
Restricting the limit along the y-axis, where x = 0, we get
— 34 _24
1= 1 W fim Y~ 3

4

m =
0y)—00) (¥2)*  y—0 yt

a contradiction. Hence, u,(x, y) is not continuous at (0, 0).
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Example 2.6.6 (Complex Exponential). Define, forany z = x +iy € C
exp(z) = ¢ := e*e'¥ = e*(cosy +i siny)

the complex exponential function. Note that e* is the usual real exponential and ¢ is given by Euler’s
formula (Definition 1.2.11). Here,

u(x,y) =e‘cosy and ov(x,y)=e siny

We then see that
Uy =e*cosy = vy,

vy = —e'siny = —uy;

so exp satisfies the Cauchy-Riemann equations (CR) everywhere. Furthermore, uy, uy, v, and
vy are everywhere defined and continuous. Hence exp is everywhere complex-differentiable, an
entire function. Furthermore exp(z)' = uy + ivy = e* cosy + ie* siny = exp(z).

Discussion 2.6.7 (Polar Cauchy-Riemann Equations). Recall that if the domain of a function f is
contained in C* or restricted to within C*, one can express in polar coordinates at z = re'? as

f(z) = f(re®) = u(r,8) +io(r,8)
Then, the Cauchy-Riemann equations (CR) at a point (r, y) can be expressed in polar coordinates,

Polar Cauchy-Riemann Equations (see Problem 51)

ru, = vy
(Polar CR)
Ug = —10,

and a differentiable function at zg = e’

f'(z0) = f'(roe'™) = ™" (ur(ro, 60) + i vy(ro, 60)).

is then expressed as

Example 2.6.8. Consider the function

f(z) = f(re®) = V/reis,

where r > 0 and —7t < 6 < 7. This is the function that outputs the principal square root of z. We
compute f'(z) at z = re® using the polar form of Theorem 2.6.4. We first note that

f(z) = /rcos <g) +i+/7sin (g)

u(r,0) o(r,0)

Tru —TLCOS Q _JCOS Q =0
W 2] 2 2)

Now, we compute
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Clearly the first order partial derivatives exist everywhere and the Polar Cauchy-Riemann equa-
tions (Polar CR) are also satisfied everywhere. Hence f'(z) exists and

'(z) = e (u,(r,0) +iv,(r,0))

_ 2\1ﬁ it it
1

N 2./rel?
1

T 2f(2)

2.7. Holomorphic Functions

Definition 2.7.1 (Holomorphic Functions). A function f is holomorphic on an open set U if f'(z)
exists for every z € U.

We say f is holomorphic at a point zg if it holomorphic on some open disk D, (zo) for an ¢ > 0. We
say f is holomorphic if it is holomorphic at every point in its domain.

A function that is holomorphic on all of C is said to be entire.

Example 2.7.2.
1
1) f(z) = 2 is holomorphic on any open set not containing 0, in particular on C*.

) f(z) = |z|* is nowhere holomorphic since we have already seen that f is only complex-
differentiable at z = 0 and at no other point.

(3) Polynomials are entire.

(4) f(z) =z is nowhere holomorphic, since it's nowhere differentiable.

Discussion 2.7.3. Let G be a domain (open and connected subset of C). We know several necessary
and sufficient conditions for f = u + iv to be holomorphic on G.

(Necessary) (1) fis continuous on G.

(2) Cauchy-Riemann equations (CR) are satisfied on G.

(Sufficient) (1) First order partial derivatives of u and v exist and continuous on G, and the
Cauchy-Riemann equations (CR) are satisfied on G.
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(2) Differentiation Laws. If f and g are holomorphic on G, then so are f + g, fg
and f/g (if g # 0 on G).

(3) Composition of holomorphic functions is holomorphic.

Theorem 2.7.4 (Sufficient Condition for Constantness). Suppose G is a domain and f'(z) = 0 for all
z € G. Then f(z) is constant on G.

Proof. Write f(z) = f(x +iy) = u(x,y) +iv(x,y), so we have
0=f(z) =ux+ivy=v,—iuy

Therefore uy = u, = 0 and vy = v, = 0. We consider points p,q € G such that there’s a line
segment L in G connecting them. Let @ = (4, b) be a unit vector parallel to L, then the directional
derivative of u along L is

(gradu) - @ = auy + bu, = 0.

So, u is constant along L. Since G is a domain, any two points can be connected by a polygon line.
Applying the above argument along constituent line segments, we see that u has the same value
along the endpoints of any polygon line. This shows that u is constant on G, say u(x,y) = c. A
similar argument works for v, giving us v(x, y) = d. Hence

f(z) =c+id,

that is, f is constant. O

Theorem 2.7.4 has many interesting consequences.
Proposition 2.7.5. Suppose f and f are holomorphic on a domain G. Then f is constant on G.

Proof. We write
f(z) = flx +iy) = u(x,y) +iv(x,y)

fz) = fx +iy) = u(x,y) —iv(x,y)
Since f and f are holomorphic, they satisfy the Cauchy-Riemann equations (CR)

for f: {ux =%

Uy = —Ux

o (2=

uy — _(_v)x — Ux
This gives us v, = —v, and v, = —vy, and therefore 1, = vy = 0. Hence f'(z) = uy +ivy = 0,
giving us that f is constant by Theorem 2.7 4. O

Corollary 2.7.6. Suppose f is holomorphic on a domain G and always real-valued. Then f is constant on
G.

Proof. Since f is always real-valued, we have f = f. Therefore f is holomorphic on G as well, and
hence f is constant by Proposition 2.7.5. O
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Corollary 2.7.7. Suppose f is holomorphic on a domain G and |f| is constant on it. Then f is also constant
on G.

Proof. By assumption |f(z)| = ¢, forall z € G, for some ¢ € C. This gives us

f@)f() =If(2)] =& (+)

Suppose ¢ = 0, then |f(z)| = 0 and therefore f(z) = 0. Suppose ¢ # 0, then necessarily f(z) # 0

for every z € G by (*). Hence
2
—

f(z) = m,

and thus f is holomorphic. Therefore both f and f are holomorphic and hence f is constant by
Proposition 2.7.5. O

Example 2.7.8. We apply Corollary 2.7.7 to f(z) = z to conclude that it’s not holomorphic.

We first note that, for any z € C,

z

z

E
7| A
that is, |f| is constant. Suppose f was holomorphic on C (this argument can be specialised to
any domain G), then f would be a holomorphic function such that |f| is constant. Therefore, by

Corollary 2.7.7, f is constant on C. That’s a contradiction, since f is non-constant, as f(1) = 1 and

£y = -1.

4

Example 2.7.9 (in-class). Is the function f(z) = Re z holomorphic?

Answer. Note that f(z) = Rez is a real-valued function, for any z € C. Suppose f was holomor-
phic on C (this argument can be specialised to any domain G), then f would be a holomorphic
function such that f is always real-valued. Therefore, by Corollary 2.7.6, f is constant on C. That’s
a contradiction, since f is non-constant, as f(1) = 1and f(i) = 0. O

We now discuss a large class of holomorphic functions, which are complex versions of functions
you may have seen in your Calculus classes

2.8. The Exponential Function

Definition 2.8.1 (The Exponential Function). The (complex) exponential function e* (or exp(z)) is
defined on all of C as follows

&&= eRezez Imz

eRe?(cos(Imz) +isin(Imz)).

That is, writing z = x + iy, we have
¢* = e*e = e*(cosy + isiny).
Since x € R, ¢* is the usual real exponential function, while e is given by Euler’s formula.

Furthermore, the definitions give us ¢ = ¢%.

Note that when z = x € R, we have ¢* = ¢%, since then Imz = 0.
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Proposition 2.8.2 (Properties of the Exponential). Consider z,w € C.
(1) |e*| = eRe? and arge® = {Imz +2km : k € Z}.
(2) e = e%e®.
(3) 7V = —.
(4) e* is entire, and (%) = ¢é=.
(5) € is periodic: e = ¢* for all k € Z.
Proof.
(1) Write z = x + iy, then |¢*| = |e*||cos x + isin x| = |e*|. Which tells us

arge* = {y+2km : ke Z}.

(2) Writez = x + iy and w = u + iv, then

Z-+w x+u)+i(y+v)

T = el

_ ex+u€i(y+v)
— et elYpl?

Z W

= e"elVe'e” = e%e
(3) From (2) we get e*~“e" = €.
(4) This was seen in Example 2.6.6.

(5) From (2) we have e* 27 — p2p2kmi — o2,

2.9. The Logarithmic Function

Discussion 2.9.1. The complex logarithmic function arises, just the like the usual real logarithmic
function, from trying to solve the following equation for w

e’=z (z#0)
Write z = re!? and w = u + iv, then
el = ¥ =z = e,

So, e* =r, giving us u = Inr = In|z|, and v = 6 + 2k for some k € Z, that is the possible values
of v are exactly argz = Argz + 2k, k € Z.

Therefore,
w =1In|z| +iarg(z)

=In|z| +iArg(z) + 2kmi, k € Z
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Essentially, w is not unique, as v is not unique. This is to be expected, since ¢* is not injective as it
is periodic.

Multiple functions satisfy the equation we considered, which we package into a multi-valued func-
tion using arg z.

Definition 2.9.2 (The Logarithmic Function). We define the logarithmic function log z for any z # 0,
following the discussion above, as
logz :=In|z| +iarg(z)

Note that log z is not really a function but a multi-valued function, as arg z is not single-valued.

The principal logarithm, denoted Log z, is defined by taking the principal argument of z
Logz:=In|z|+iArgz, —-m<Argz<m

The principal branch of log is a single-valued function.

Proposition 2.9.3 (Properties of the Logarithm). Consider z € C.
(1) €8z =z,
(2) loge* =z + 2kmi, k € Z.
(3) logz = Logz + 2kmi, k € Z.
(4) If z = x € Ry, then Logz = In x.
Proof.

(1) Note that
0108z — plnjz[+iargz

— eln|z|ei(Argz+2kn)/ keZ

— eln|z|ezArg262km, kez

— |Z’eiArgz

=2z

(2) Note that
loge* = In |e*| + iarg(e”)

= IneR? 4 i(Imz +2km), k€ Z
=Rez+ilmz+ 2kmi, k € Z

=z+2kmi, ke Z

(3) Note that
log z = log ™8, by (1)

= Logz + 2kmi, k € Z, by (2)
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(4) Note thatif z = x € R, then Argz = 0, therefore

Logz =In|z| +iArgz = Inx.

Example 2.9.4.

(1) log(1+iV3) =In (1 +i\/§‘ +iarg(1+iV/3)

:ln2+i<§+2k7r>, kez

Log(1+iV3) =In2+ U

3
(2) logl =In|1| +iargl (3) log—1=1In|—-1|+iargl
=0+i(0+2km), ke Z =Inl+i(n+2km), keZ
= 2kri, k€ Z =2k+1)mi, ke Z
Logl =0 Log—1 =i

(4) Familiar properties of logarithms that you know may not hold.
(a) Log(—1+1i)% # 2Log(—1+1)
Log(—1+1i)? = Log(—2i) = In|—2i| + i Arg(—2i)

:1n2—|—i<—g>
=In2— %

2Log(—1+1i) =2In|-1+i| + 2iarg(—1+1)

=2Inv2+2i <3f>

37t
=In2+ —
n2-+ 5

(b) logi® # 2logi
logi* =log—1= (2k+1)mi, k€ Z

2logi = 21In|i| + 2iargi
(T
= 0+2i(Z +2kn), keZ
= (4k+1)mi, ke Z
Proposition 2.9.5. Forall z, w € C*
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(1) logzw =logz + logw (2) logw™! = —logw

One treats this as an equality of sets. (1) and (2) also gives you logz/w = logz — log w.

Proof.
(1) We have
logz+logw =In|z| +iargz + In|w| +iargw
= In |z| |w| + i(argz + arg w)
= In |zw| + i arg zw, by Proposition 1.2.18 (1)
= logzw
(2) We have
logw™ ! =In|w ! +iargw!
= In|w| ' +i(—argw), by Proposition 1.2.18 (2)
= —(In|w| +iargw)
= —logw
This statement does not hold if we replace log z with Log z. O

Definition 2.9.6 (Branch of a Multi-Valued Functions). A branch of a multi-valued function f is a
single-valued function F such that

¢ Fis holomorphic on some domain G; and
e F assigned to each z € G precisely one value F(z) of f(z).

A portion of a line or curve in the complex plane is called a branch cut for f if a branch f is defined
on its complement. A point belonging to every branch cut of f is a branch point.

Proposition 2.9.7 (Branches of log). Let « € R. The function
Lo(z) = Ly(re®) =Inr+i0, a <0 <a+2r
is a branch of f(z) = logz. Note that ReL, = u(r,0) =InrandImL, = v(r,0) = 6.

Proof. We first remark that if we were to define L, also on the ray 8 = «, it would not be continu-
ous there. For if z is a point on that ray, as one notes that limy_,,- 6 = a but limy_,,+ 6 # « as the
points close to the ray to the right have arguments near a + 27.

It is clear that L,(z) is single-valued and, for each z, L,(z) is a value of logz. We need to show L,
is holomorphic. Note that u(r,0) = Inr and v(r,0) = 6 have continuous partial derivatives on the
domain of definition

Uy = vr:O

S S|

Ug — 7)9:1
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Clearly, the Polar Cauchy Riemann equations (Polar CR) are satisfied, and therefore L, is holo-

morphic. In fact,
, /1 1
Li(z) = e (u, +iv,) = e ™ <> =
r z
In particular, Log z for those z such that — < Argz < 7 is a branch of log z, called the principal
branch of the logarithm and

1
[ —
(Logz)' = .

Remark 2.9.8. The branch cut for log z in Proposition 2.9.7 is theray r > 0, 6 = a

¥

e branch cut for L,
- in Proposition 2.9.7

branch cut for Log z - "\ «
2 .

The branch cut for Log z is the ray r > 0, 8 = 7, i.e., the negative real axis. The origin is a branch
point of log z.

Example 2.9.9 (Integer Powers and Roots). The logarithmic function can be used to compute inte-
ger powers and roots (as previously seen and defined).

(1) LM — phtlogz

() zV/" =en
Proof. We note that
enlogz — en(ln|z|+iargz) elo% — e%(ln\zHiargz)

— enln|z\ . pinargz _ e%]n|z| . ei(‘“fz)

_ ’Z|n . (eiargZ)n _ e%ln|z| _g(%)
. . ( Argz+2k

— (|Z’ ezargZ)n _ ‘Z| 'el(%H)

— — Z1/n

Recall that z" is single-valued, but z1/m is multi-valued, as complex numbers have n distinct nth

roots (Proposition 1.3.3). In fact, using the the principal logarithm, the complex number

Logz
e n

gives the principal n'! root of z. O
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2.10. Power and Exponential Functions

Definition 2.10.1 (Power Function). The power function z* for a fixed ¢ € C is the multi-valued
function
26 = efl082 7 £

Proposition 2.10.2 (Branches of z). A branch of z¢ is determined by specifying a branch of log z
logz=In|z|+iargz, z#0, a <argz <a+2m

Moreover,
(ZC)I — CZCil,

whenever z # 0, « < argz < a + 271

Proof. We only need to verify that z¢ is holomorphic, once a branch of logz has been specified.
Since z¢ = ¢¢1°8% is a composition of two holomorphic functions, z¢ itself is holomorphic. More-
over, by the chain rule

(ZC)/ — (eclogZ)/ — eclogz(clogz)/

c
eclogz i

Z

eclogz

=c- =c-e

(c=1)logz _ . c—1
elogz

cz

O]

Discussion 2.10.3. The principal branch of z¢ is defined by specifying the principal branch Log z of
log z. The principal branch of z¢ reduces to the usual power function when z = x € R.

Definition 2.10.4 (Exponential Function with Base c). The exponential function with base ¢, where

¢ € C*, is the multi-valued function

z zlogc

c=e

Discussion 2.10.5. Once a branch of log z has been specified, c* is an entire function. In that case,
using chain rule we have
(CZ)/ — (ezlogC)/ — EZIOgC(Z logc)’
— eclogz . Jog ¢
= c*logc
What happens if we take ¢ = e? Specifying the principal branch Logz we see

z _ pzloge _ ez(lne+iArge) _ ez(1+0)

e = g

=e€

Example 2.10.6.
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(1) We compute (2) We compute

i pilogi (—1)7 = ewlos~1
_ pi(infi|+iargi) — o x(In|—1|+iarg 1)
— (in1+i(3+2km) | c 7 — erx(nl+i(m+2km) o 7
— o P5H2%0) pc 7 — (kD) e 7
—e 2% kecZ =&t k ez

2.11. Trigonometric Functions

Discussion 2.11.1. Recall that for any z € C,

Rez:zgZ and Imz:%
Therefore, for x € R,
cos x = Re(e'¥) sin x = Im(e™)
e’* + eix el¥ — eix
T2 T2
oix | p—ix pix _ pix
2 2i

This suggests a way to extend the domain of definition of sine and cosine functions to all of C.

Definition 2.11.2 (Sine and Cosine). The (complex) sine and cosine functions are defined as

eiz + e—iz ) eiz o e—iz
c0sz= ——— and sinz=-———
2 21

respectively. Moreover, this gives us ¢’ = cosz + isinz. And our calculations above tell us that
these functions reduce to the usual sine and cosine for z = x € R.

Proposition 2.11.3 (Holomorphicity of sin and cos).
(1) sinz and cos z are entire.
(2) (sinz)’ = coszand (cosz)’ = —sinz.

Proof.

(1) Since sinz and cos z are linear combinations of entire functions, they themselves are entire
functions.
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(2) We note that

(eiz)/ + (e—iz)/

. /
(sinz) . (cosz) =
2i 2
ielZ _ (_i)e—lz Z'eZZ _ Z’e—ZZ
2i 2
lelZ + ie 1Z eZZ e*ZZ
s - =1
21 2
iz 4 oiz ez _ iz
2 2i
= COSz = —sinz

Discussion 2.11.4 (Trigonometric Identities). Various familiar identities hold, here are a few.

(1) sin(—z) = —sinz (5) sin(z +27m) =sinz
(2) cos(—z) = cosz (6) cos(z+2m) = cosz
(3) sin(z + w) = sinzcosw + coszsinw (7) sin(7t/2 —z) = cosz
(4) cos(z+ w) = coszcosw — sinzsinw (8) sin?z+cos?z =1

To define other trigonometric functions, we need to understand the zeros of sin z and cos z.

Theorem 2.11.5 (Zeros of Sine and Cosine). The zeros of sinz and cos z are precisely the zeros of sine
and cosine functions in a real variable:

sinz=0 ifandonlyif z=km, keZ
cosz=0 ifandonlyif z=km+ %’ keZz
Proof. We immediately note that
sinz =sinkmr =0 and cosz = cos (k?‘t—i— g) =0

since the inputs are real numbers and sine and cosine reduce to the usual real sine and cosine for
real inputs.

Conversely, suppose
eiz o e—iz
2i

this gives us ¢’z = ¢72, and therefore 2= = 1. Applying log gives us

=sinz =0,

2iz +2mrmi = 2nmi, form,n € Z

by Proposition 2.9.3 (2) and Example 2.9.4 (2). Giving us z = (n — m)m = krt for any k € Z.
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Suppose cos z = 0. By Discussion 2.11.4 (1) and (7), we have

sin(z—%) = —cosz=0

Hence,z—gzkn, keZ. O

Definition 2.11.6 (Other Trigonometric Functions). The (complex) tangent, cotangent, secant and
cosecant functions are defined in terms of sine and cosine.

sinz T 1 T
tanz := , zF#Fkm+ = secz:=——, z#km+ =
Ccos Z 2 Ccosz 2
COS zZ 1
cotz:=—, z#kmn sczi=——, zF#kn
sinz sinz

These functions are holomorphic in their stated domains of definition since sinz and cosz are.
They also all reduce to the usual real trigonometric functions when z is real, since sinz and cos z
do. The derivatives are exactly as expected.
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3. Part III. Integration

We now want to develop a theory of integration of complex-valued functions in a single complex
variable. Integrals will be defined over suitable curves (contours) in the complex plane. This the-
ory of integration is a surprisingly powerful tool in the study of holomorphic functions.

Using this theory, we will obtain powerful characterisations of holomorphic functions. Roughly
speaking we will prove the following: let G be a domain and f : G — C a function. The following
are equivalent.

(1) fis holomorphic on G.
(2) Foralln € Z-, f") exists and is holomorphic on G.

(3) In each simply connected subdomain D of G, there exists a holomorphic function F : D — C
such that F' = f|p.

(4) f is continuous on G and
z)dz =0
s
for every contour C lying in a simply connected subdomain.

(5) If C is a simple closed contour in G and z is interior to C, then

f(z0) = 1 fE) dz.

27 Jez—zo
Additionally, as an application of the theory, we will prove

* Liouville’s theorem. Every bounded holomorphic function is constant.

* Fundamental Theorem of Algebra. Every polynomial of degree n > 1 has atleast one complex
root.

3.1. Derivatives of Functions of a Real-variable

To define an integral of a complex-valued functions in a single complex variable, we need to
understand how to differentiate a complex-valued function in a single real variable

v :[ab] — C,
where [4,b] C R.
Definition 3.1.1. For 1y : [a,b] — C, writing y(t) = u(t) +iv(t), where u, v : [a,b] — R, we define
the derivative of y to be
(1) = u'(t) +iv'(t),
provided that u/(t) and v'(t) exist. In this case, we say 7 is differentiable.

Proposition 3.1.2. Suppose v1(t) = u1(t) + iv1(t) and y2(t) = u(t) + ivo(t) are differentiable, then
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(1) (71 +72) (1) = 71 (t) + 75(¢)

2) (m72)' (1) = 11 (B)72(8) + 11 ()73 (t)
Proof.

M) (11 +72) = (w1 +u2) +i(v1 +02))’
(u1 + Mz) + Z(Z)l + ?Jz)

= (u) +up) +i(v] +vy)
= (

uy +ivh) + (uy +ivh) = 91 + 77

2) (m72)" = ((u1 +iv1) (w2 + iv2))’
(M]Mz — Ulvz) + l(ulvz + Mz?)l))

urty — v102) + (U102 + upvy)’

(
= (
= (

= (u1u2)" — (0102)" +i(u102)" + i(uz01)’
= (ujug + ugup) — (Vo2 + v10%) + i(Ujva + u1vh) + i(uhvy + Upvh)
= (tjug — 0}v2) +i(ujoy + upv)) + (uyuh — v105) + i(u10y + ubvy)
= (1} +iv}) (up + ivp) + (ug + ivy) (uh + ivh)

=11+ mm O

Example 3.1.3. We will often encounter the function v : [a,b] — C, where
Y(t) =€, zpeC
Let’s compute 7/ (t), for which we first need to express it as u(t) + iv(t). Let zg = xo + iyo,
(#) = et = elrotivo)t
Xot-+iyot

= Xlelhot — %0 (cos(ygt) 4 isin(yot))
Therefore, u(t) = e*! cos(yot) and v(t) = e** sin(yot). We note,
w'(t) = (e%')'(cos(yot)) + () (cos(yot))" ¥/ (t) = () (sin(yot)) + (') (sin(yot))’

= x0e™" cos(yot) — yoe™' sin(yot) = x0e™" sin(yot) + yoe™" cos(yot)
Hence,

v (t) = u'(t) +iv'(t) = xpe™ cos(yot) — yoe™' sin(yot) + ixpe™ sin(yot) + iyoe ™ cos(yot)
= x0e™" (cos(yot) + isin(yot)) + iyoe ™ (cos(yot) + isin(yot))
= (x0e™" + iyoe™") (cos(yot) + isin(yot))
= (x0 + i) e et
= zpe?!
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To summarise, for y(t) = %!, we have 7/ (t) = zpe®".

3.2. Integralof v : [a,b] — C
Definition 3.2.1 (Definite Integral of y). Consider a function 7y : [a,b] — C with

v(t) = u(t) +iv(t),
where 1, v : [a,b] — R. The definite integral of <y is defined as
b b b
[ awde= [Cueydesi [ o) dr
a a a
provided the integrals of u and v exist.

Improper integrals can be defined in a similar manner.

Example 3.2.2. We illustrate this definition by integrating «(t) = ¢/ on [0, 7t].

T T T
/ et dt:/ COStdt+/ sint dt
0 0 0

7T 7T
= [sint] +i[—cost}
0 0

= (sin7r —sin0) 4 i(— cos 77 + cos 0)

=2i

Definition 3.2.3 (Piecewise Continuity). A function u : [a,b] — R is piecewise continuous on [a, b]
if it is continuous on [a, b] except at a finite number of points, where despite its discontinuity on
those points, both one sided limits exist.

We call y(t) = u(t) + iv(t) piecewise continuous if both u and v are.

Remark 3.2.4. The existence of the integrals

/ab u(t)dt and /abv(t) dt

is guaranteed when 7y is piecewise continuous.

Proposition 3.2.5 (Properties of the Integral of 7y). Suppose y and <1 are piecewise continuous on [a, ],
then

b b
(1) / zoy(t) dt = zo/ v(t) dt, for any zo € C.
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2) / £+t /b’y(t) dt+/ﬂb71(t) dt

(3) /ab’y(t) / dt+/ ) dt, for any c € [a, b].

(4) /ba'y(t) dt — —/ab'y(t) dt.

Proof. These properties follow from the properties of regular real integrals applied to the real and
imaginary part of y and ;. O

Proposition 3.2.6 (Extension of Fundamental Theorem of Calculus). Suppose that v(t) = u(t) +
iv(t) is continuous on [a,b] and T'(t) = U(t) + iV (t) is differentiable such that T'(t) = y(t) on [a,b].
Then

Proof. By assumption I'" = ¢, therefore U’(t) = u(t) and V'(t) = v(t), therefore

/ab'y(t)dt:/abu(t)dt+i/ubv(t)dt

= U(b) —U(a) +i(V(b) — V(a)), by the Fundamental Theorem of Calculus
=U(b) +iV(b) — (U(a) +iV(a))
=T(b) —T(a)

Example 3.2.7. We use this proposition to integrate ¢/ on [0, 77]. For this, we first note that

it / .

e 1/.\ 1 ;

. == (elt) — f@lt — elt'
1 1 1

Therefore,

i
=[]
0

= —ie" +ie" =i+i=2i

3.3. Contours

So far, we have only defined the integral of a complex-valued function in a single real variable
over an interval. Integrals of complex-valued functions in a single complex variable are defined
over suitable curves in the complex plane called contours.
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Definition 3.3.1 (Arcs).
(1) An arc, or curve, is a collection of points
C={z(t) =x(t)+iy(t) : t €lab]},

where x, y : [a,b] — R are continuous functions (which also makes z : [a,b] — C a continu-
ous function). The function z(t) is called a parametrization of C.

(2) Anarc (or curve) C is called simple or a Jordan arc if it does not cross itself, which is equivalent
to saying the function z(t) is injective; that is, if z(t1) = z(t2) then t; = t,.

(3) If C is simple except for the fact that z(a) = z(b), then C is called a simple closed curve or a
Jordan curve.

(4) A simple closed curve is positively oriented if it is transversed counter-clockwise as t increases
from a to b. It is called negatively oriented if it is transversed clockwise.

/ P
/ {

a not simple arc a simple arc

i~

a simple closed curve a simple closed curve a not simple closed
with positive orientation with negative orientation non-orientable curve

Example 3.3.2. The most frequently encountered arcs and curves are line segments and circles.

(1) The circle of radius R centered at zp with positive orientation has as a parametrisation

z(t) = zo+ Re", t € [0,27]
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(2) The circle of radius R centered at zp with negative orientation has as a parametrisation

z(t) =zo+ Re ™, t€[0,27]

(3) The line segment from zj to z; in C has as a parametrisation

z(t) = zo+ (z1 —z0)t = (1 —t)zo + tz1, t€[0,1]

.—/-V"M

20

Definition 3.3.3 (Reparametrisation of an arc). Suppose an arc C is parametrised by z : [a,b] — C.

A map
w:[c,d] — C

is called an orientation-preserving reparametrisation of C if there exists a surjective function
¢ :[c,d] — [a,]

with continuous derivative such that ¢(c) = a (preserves initial point), ¢(d) = b (preserves final
point), ¢'(s) > 0 and w(s) = z(¢(s)) (w and z trace out the same arc C).
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Example 3.3.4. Note that z(t) = e for t € [0,27] is a parametrisation of the unit circle. Now,
consider '
w:[0,71] = C, 5> €%,

this is, in fact, an orientation-preserving reparametrisation of the unit circle. To conclude this, we
produce the following surjective map

¢ :[0,7t] = [0,27], s+ 2s,

we note that ¢(0) = 0 and ¢(7r) = 277, furthermore ¢'(s) = 2 > 0 which is clearly continuous.
Lastly, z(¢(s)) = z(2s) = % = w(s).

Remark 3.3.5. Suppose an arc C is parametrised by z : [a,b] — C, amap w : [c,d] — C is called
an orientation-reversing reparametrisation of C if there exists a surjective function

Y :[c,d] — [a,b]

with continuous derivative such that ¥(c) = b and ¢(d) = b (swaps initial and final points),
Y'(s) <0and w(s) = z(y(s)) (w and z trace out the same arc C).
Consider the unit circle, which has parametrisation z(t) = e, t € [0,27]. Then w(t) = e
for 0 < t < 27 is an orientation-reversing parametrisation. To see this, we consider the surjective
function

P :[0,211] — [0,27], s > 27T —s;

we note that ¢(0) = 27t and ¥(271) = 0, furthermore ¢'(s) = —1 < 0 and
z(p(s)) = z(2m —s) = 2T = 7 = w(s),

since ¢2 = 1.

Definition 3.3.6 (Arc length and Smooth arcs).

(1) If C is parametrised by z(t) = x(t) + iy(t) and x'(t), y'(t) exist and are continuous on |4, b],
then C is called a differentiable arc.

(2) The arc length of such a differentiable arc C is

L(C) = /ab 12/(t)| dt = /ab Jx (D2 +y ()2 dt

(3) A differentiable curve parametrised by z(t) is called smooth if z'(¢) # 0 on [a, b].

Definition 3.3.7 (Contours). A contour is an arc consisting of a finite number of smooth arcs joined
end to end.

A simple closed contour is a contour that does not cross itself except that the initial and final points
are the same.
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Discussion 3.3.8 (Jordan Curve Theorem). A deep theorem known as the Jordan Curve theorem tells
us that every simple closed contour C is the boundary of two distinct domains called the interior of
C, which is bounded, and the exterior of C, which is unbounded.

Exterior

Interior

O~

The theorem is geometrically evident but the proof is not easy. We will assume its truth so that we
can refer to the interior of a simple closed contour.

3.4. Contour Integration

Definition 3.4.1 (Contour Integral). Suppose f : G — Cis a complex function and C is a contour
lying in G. If z(t), t € [a, b], is a parametrisation of C and f(z(t)) is piecewise continuous, then the
contour integral of f over C is

[ ferdz= [ fae) =) a

Remark 3.4.2. As C is a contour, 2’ () is piecewise continuous and thus the above integral exists.

Proposition 3.4.3 (Integral is parametrisation-independent). Suppose z : [a,b] — C parametrises C
and w : [c,d] — C is an orientation-preserving reparametrisation of C, then

L@ = [ fw)do

Proof. By definition of an orientation-preserving reparametrisation, there exists a surjective map
¢ :[c,d] — [a,b] such that ¢(c) = a, (d) = b, ¢'(s) > 0and w(s) = ¢(z(s)). Then

d
[ fw)do = [ () w(s) ds
= [ £ ¢ ds apply chain rule o w(s) = p(=(s)
— / " Fa() 2 (1) dt sett = (s)

= [ 1)z
O
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Lecture 21| Discussion 3.4.4 (Notation for Contours).

(1) Suppose C is a contour, then —C denotes the same set of points as C but with opposite
orientation. If z : [a,b] — C is a parametrisation of C, then w : [—b, —a] — C defined as
w(t) == z(—t) is a parametrisation of —C.

—C

/

A

(2) If C; is a contour from zq to z and C; is a contour from z; to z3, then their sum C = C; + C;
is the contour obtained by transversing C; and then Cs.

@)}

C=C+GC /
/ U C2
Cy Ci

If C; and C; have the same final point, then we can consider the sum of C; and —C; and is
written as C; — Cp := C1 + (—C3).

C=C -G

Proposition 3.4.5 (Properties of Contour Integral). Assume f, g are piecewise continuous on the con-
tours we consider below.

1) [ 20f()dz =20 [ f(z) dz, forany z € C.

) /C F(z) + g(2) dz = /C £(z) dz + /C ¢(2) dz.

@ [ f)dz=- [ fz)az

(4) /Cf(z) dz:/Cl £(2) dz+/cz £(2) dzif C = Cy + Ca.
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Proof.

(1) Suppose C is parametrised by z : [a,b] — C
/C zof(z) dz = /C zof (z()) 2/ (t) dz
= 2 /b f(z(#))2'(t) dz by Proposition 3.2.5 (1)
= ZO/C f(z)dz

(2) This will follow from Proposition 3.2.5 (2).

(3) Suppose C is parametrised by z : [4,b] — C, then, as we note before, a parametrisation of
—Cisw: [—b,—a] — C where w(t) = z(—t). Then

[ fwydo= [ 7 fla) o) d
_ _b” f(z(—t)) 2/ (—t) dt apply chain rule to w(t) = z(—t)

[ f(z(—t)) 2'(—t) dt by Proposition 3.2.5 (4)

= /b f(z(s))Z'(s) ds sets = —t
:/Cf(z) dz

(4) We leave this as an exercise for the motivated student.

Example 3.4.6.

(1) Integrate f(z) = % over the following contours:

e C;: upper semicircle of the unit circle, from 1 to —1.
o (Cy: lower semicircle of the unit circle, from 1 to —1.
[ ] C3: C1 - Cz.

For C;, parametrise C; as z(t) = et 0 <t < . Then

1 T1 . T
/fdz:/ —.ieltdt:i/ dt = i
c z o et 0

G
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For C,, parametrise C; as z(t) = e~ 0<t<m Then

/1512:/ }.t(—z’e”)dt:—i/ dt = —mi
G Z 0o e! 0

Note

/ 1dz:/ 1dZ:/ 1612-1—/ le
C3 z Cl—Cz z C] V4 —C2 y4

@)

= 1dz—/ 1dz
C zZ Gz
= 7ti — (—7ti)

= 271

This example shows that the integral may depend on the path taken and not just on the endpoints.

Also, the integral over a closed contour may be non-zero.

(2) Integrate f(z) = z over any contour C connecting a point w; to a point w,.

First, suppose C is a smooth arc joining w; and w, with parametrisation z : [a, b] —

X

Since,

Therefore,

/Cf(Z)dz:/Czdz:/ab z(t) 2/ (t) dt

2 2
= z(b) — 2(a) , by Proposition 3.2.6

2 2
w3 — wi
2

C.
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Now, if C is a contour, we can write C = C; + - - - 4+ C,, where C; is a smooth arc joining z; to
Zi1 with Z1 = W and Zpy1 = Wa. Then,

n
/ zdz = Z / z dz, by Proposition 3.4.5 (4)
¢ i=17/Ci

2 2
w; —wy

2

This example shows that some integrals do depend only on the end points and not the path taken.
Also, for any contour C is closed, that is, when wy = w1, we have shown hence that

/zdz:O.
c

(3) Integrate f(z) = z"z", for m,n € Z, over the unit circle C.

Parametrise C as z(t) = e*, 0 < t < 27t. Then,

/Cf(z) dz:/csz” dz
-/ 7y @y et di

27

(eit)m(e—it)n ez’t dt

I
=

2

A

ezmtefmtelt dt

I
=

27T .
e(mfnwtl)n‘ dt

I
—
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Caselm=n—-1

7T
dz — / (m—n-+1)it
/Cf(z) z=1 ; e

Casell.m #n—1

2 (m—n+1)it
d — '/ m-—n 1 — g .
/Cf(z) z=if e i =+ 1) O

=i

el

1

27

0

m—n+1)it

m—n-+1

1

m—n-+1

0

Lecture 22| Some examples involving a branch of a multi-valued function.

(4) Integrate the branch of square root

f(Z) — Z1/2 — e(l/2)logz’

over the contour

C:

—R

z(t) = Re",

dt = 27ti

27

(ez(m—n+1)7ri _ eo)

(1-1)

|z >0, 0 <argz <2m

R>00<t<sm

Note that f(z) is not defined at the initial point z = R of the contour C as arg R = 0, that s,
f(z(t)) is not defined for t = 0. The integral

[ rEdz= " plze) 2 @) ar

nevertheless exists as the integrand f(z(t))z'(t) is piecewise continuous on [0, 7r]. To see

this, wenote that for0 < t < 7

f(Z(t))Z/(t) _ e(l/Z)logReitRieit — iRe(lnR+it)/Zeit

Bhamidipati

— iR(RY/2¢/2)elt

— [R3/2,8it/2

) 3t ..
= {R3/2 (cos+1sm

3t\ 3 . 3t . 3t
>—R <51n2+1c032)
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The right hand limits of the real and imaginary parts of f(z(t)) z'(t) at t = 0 exist, and equal
0 and R3/2. Therefore, f(z(t))z'(t) is continuous on [0, 7] with its value at t = 0 defined as
iR3/2. Hence,

/Cf(z) dz:/O f(z(t))Z'(t) dt:/o iR3/2p3it/2 gp

T .
_ iR3/2/ Bit/2 gy
0

" p3it/2 T
— iR3/2|°
! 3i/2 |,

_ §R3/2 (e3m'/2 _ e0>

= §R3/Z(—i— 1)

= —§R3/2 (1+1)

(5) Integrate the principal branch of
f(z) — Zi*l — e(i—l)Logz’ |Z| > O, < Argz <

over the contour

C:z(t)=e€", R>0, —m<t<m

Since the curve crosses the branc cut, we need to check if integrand f(z(t)) z'(t) is piecewise
continuous on [—7t, 7. To see this, we note that for —r < t < 7T

f(z(t)) z’(t) _ e(i—l)Loge”ieit — jeli—1)(Inl+it) it
— jli=Dit it

_ jpli=Djit+it

= ie"t = et

The right hand limits of the real and imaginary parts of f(z(t)) z/(t) att = 7 exist, and equal
0 and e~ . Therefore, f(z(t)) z'(t) is continuous on [—7, 7r| with its value at t = — 7t defined
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as ie” ™. Hence,

[f@d= [ femzed= [ it

—TT

3.5. Estimating Contour Integrals

Lemma 3.5.1 (Triangle Inequality for Integrals). Suppose y : [a,b] — C is piecewise continuous. Then

[ i< | o) d

a
Proof. Let’s first assume
b
/ y(b) dt =0,
a

then the lemma holds as |y(t)| > 0 for all t € [a, ] and so its integral is non-negative. Otherwise,
let

, b
roe't = / v (t) dt # 0.
a
Then,

b , L
/ (1) dt‘ = |roe™| = rg = Rerg = Re(rpe'0e ")
a

= Re <e—”0 /ab v(t) dt)
= Re (/ab e~ Mooy (t) dt)

</ le" "o~ (t)| dt, using Discussion 1.2.1
a
= [ le™[[r(1)] dt
a
b
= t)|dt
(o) .
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Theorem 3.5.2 (Bound for Contour Integrals). Suppose that C is a contour of length L and f is piecewise
continuous on C. Then
z)dz
e

Proof. Suppose z : [a,b] — C parametrises C. By assumption f(z(t)) is piecewise continuous on
[a,b]. Hence, maxec | f(2)| = max;epqy |f(z(t))] is finite as f(z(#)) is continuous on a closed and
bounded interval. Thus,

_ ‘/b Fz(1) 2 (t) dz
b

< / |£(2(£)) Z'(t)] dz, by Lemma 3.5.1

= [ 0] d=

/ﬂ max |f(z(t))] |2/ (t)| dz

te(a,b]

< max|f(2)! - L(C)

N

= max | f(=( r/ 2(1)] dz = max [f(a(6))] L(C) = max |f(z)] - L(C)

t€(a,b)

Example 3.5.3.

(1) Finding a bound for
2
zc+1
2T 4y,
Az&+2z
where C is the semicircle z(t) = 2¢, 0 < t < 7.

All we need to find is an M > 0 such that, forallz € C

22 4+1

z2 43

zz+3

‘ <M, because then max
zeC

Suppose z € C, then |z| = 2, and therefore
122 +1| < |22 +1=5

also,
242> -2 =2~ 2 =6.

Together, we get, forany z € C

2
z-+1 gg
z2+3 6
Hence, )
z-+1 z-+1 5 5 5
dz| < OO<K=-LIC)==-2r= —
/cz3+ZZ r?eacxzz—l—3‘ (C)sg LO=F2m=7
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(2) Show that ,
b [ wraa i =0
where Cp, is the semicircle z(t) = Re'*, 0 < t < 271. Note that L(C) = 27tR.
Let z € Cg, then |z| = R, and therefore
|zz—|—z| < |z|2+z: R>+R;
also,
2t +222 + 1] > |22+ )] = 2 +1 > [[zP - 1P = [R* - 1 = (R? — 1),

Together, we get, foranyz € Cand R > 1

2 2
z-+z ‘<R+R

4422241 © (R2—1)%
Hence,
224z R>+R
Sl < —5—5 - 27R , as R —
/CRZ4+ZZ2+1 z‘ ®R—1) nR — 0, as 00
Therefore,
24z
li - dz=
RI—I};O/CR A2 11 " 0,
by the Sandwich theorem.

Example 3.5.4. Finding a bound for
/ 227_1 dz
czt+2 77
where C is the sector z(t) = 5¢*, /4 <t < 3m/4.

Answer. Let's first compute L(C). We first note that z’(t) = i5e, therefore,

L(C) = /:/2/4 12/(8)] dt

3m/4 .
= ‘51’6“
/4

dt

3m/4
= 5dt
/4

/4 37 7w 57

Now, suppose z € C, then |z| = 5, and therefore

22 — 1] < |22+ |-1] = |z]* + 1 = 26;

Bhamidipati 68 MATH 103A | Spring 2023



also,
2442 > | )z‘*’ 2| =] |z|* — 2| = 623.

Together, we get, for any z € C

Z4 42| 7 623 2eC |z4+2| T 623
Hence, , )
zc—1 zc—1 26 26 571 6571
iz < L)< 22 L(C) = 2L B
/Cz4+2 2 ST z4+2' C<samO=%72 "5

3.6. Antiderivatives & Fundamental Theorem of Contour Integrals

Discussion 3.6.1. Suppose C is a contour joining z; to z;. In general, the value of the integral

| @

depends on C. For example, we have seen that

1 1
/ ~dz =i and —dz = —7i
C 2 C, 2

C1

@)

But on the other hand we have also seen that

2_ .2

z5—2

/zdz:i2 1
C 2

for any contour C with initial point z; and end point z5.

The difference between these functions turns out to be that f(z) = z has an antiderivative on
C while g(z) = 1/z does not any domain containing C; and Co.

Definition 3.6.2 (Antiderivative). Suppose that f is a continuous function on a domain G. Any
holomorphic function F : G — C is called an antiderivative of f if F/(z) = f(z) for every z € G.
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Definition 3.6.3 (Independence of Path). Let f : G — C be a continuous function on a domain G
and fix z1, zo € G. If

. f(z) dz:/c2 f(z)dz

for any pair of contours C; and C; joining z; to zp, then the integral of f from z; to z; is independent
of path and we denote the unique value by

/: f(z) dz.

21 Z5 — 2
/ zdz=2_"1,
Z1 2

since we have already proved the integral of f(z) = z from z; to 2z, for any z;, z; € C, is indepen-
dent of path.

So, for instance, we would write

Theorem 3.6.4 (Fundamental Theorem of Contour Integrals). Suppose f is continuous on a domain
G. The following are equivalent.

(1) f has an antiderivative F : G — C.
(2) Forall z1, zp € G, the integral of f from z to z, are independent of path.

(3) If C is any closed contour lying in G, then
z)dz=0
1@
If any of these conditions hold, then the unique value of the integral in (2) is given as

|7 £z dz = Fz) - Pz

where F is the antiderivative given in (1).
Proof.

(1) = (2) Suppose f has an antiderivative F : G — C. Let z1, z2 € G and let C be any contour
with initial point z; to z; and lying in G.

First assume C is a smooth arc parametrised by z : [a,b] — C; therefore, in particular,
z(a) = z1 and z(b) = z;. Then we first note

(Foz)'(t) = F'(z(1))2'(t) = f(2(t)Z'(t)

That is, we have found an antiderivative of f(z(t))z'(t), the function F o z. Hence,

b
L@ az= [ fem)z o a

F(z(a)) — F(z(b)), by Proposition 3.2.6
F(z2) = F(z1)
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Now, assume C is a contour; that is, we can write C = C; + - - - + C,;, where C;’s are
smooth arcs with initial point w; and end point w; ;. In particular, w; = z; and wy, 1 =

2. Then,
/Cf(z) dz = ;/ f(z)dz

Since F(zp) — F(z1) only depends on z; and z; and note the contour itself, we have
proved the claim.

(2) = (3) Let C be any closed contour lying in G, and choose two distinct point z; and z; on C.
Let C; and C; be contours from z; to z; such that C = C; — C,.

By assumption, the integral of f from z; to z is independent of path, therefore

. f(z) dz:/c2 f(z) dz

Hence,

/Cf(z) dz:/c1C2 f(z)dz = . f(z)dz — . f(z)dz =0,

as claimed.

(3) = (2) Suppose
/c f(z)dz=0

for any closed contour C lying in G. Let z1, zo € G and C; and C; are two contour with
initial point z; and end point z;. Then C; — C; is a closed contour, and therefore by
assumption

O:/CI_C2 f(z) dz:/c1 f(z)dz— . f(z)dz
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Hence,
/Cl fleyde= [ f(a)ds,

as claimed.

(2) = (1) Assume (2) (and also (3), since we’ve shown them to be equivalent). We need to show
that f has an antiderivative on G. Fix any point zgp € G and define

Fw)= [ @),

which is well defined by (2). We need to show F'(w) = f(w) for any w € G. That s,

lim F(w+h) — F(w)
h—0 h

= f(w)
Let ¢ > 0 and consider an z € G. Since f is continuous at z, we can find 6 > 0 such that
if |z—w| <4, then [f(z)— f(w)| <e

For w € G, since G is a domain and so in particular an open set, we can find ad > 0
such that D;(w) C G. Picka h € Csuch that 0 < |h| < min{d,d}. Then 0 < |h| < d
and 0 < |h| < 4. In particular, w+h € D;(w) C G; then,

F(w +h) — F(w) = /:Hl £(2) dz—/: () dz = /WW () dz

Since our integrals are path-independent, we assume that the integral above is over a
line segment from w to w + h, which lies in G, since Dy (w) is convex. Also,

f) =L gy [ da= 1 [ ) e

w

Also, since |h| < 6, then |z — w| < ¢ for any point z lying on ¢, the line segment joining
w to w + h. Therefore, |f(z) — f(w)| < e for any z € ¢, thatis, max,c |f(z) — f(w)| < .
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Using the preceding computations we have

F(w +h) — F(w)

= )| - |

w+h w+h
;l/w+ f(z)dz — - w+ (w) dz
w+h
/w f(z) = f(w) dz

<%¢w)

:8/

since L({) = h

We have shown that given an ¢ > 0, there exists a 6 > 0 such that

if |h| <9,

then

F(w + 1) — F(w)

Thatis, F'(w) = f(w), forallw € G.

Example 3.6.5.

) flw)| <

(1) The function f(z) = 1/z has no antiderivative on C*. In fact, it has no antiderivative on any
domain G containing a deleted neighbourhood of 0. Take a circle C. = C(0) with radius
e > 0 such that it lies in our domain G.

Then,
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By Theorem 3.6.4, f(z) does not have an antiderivative on such a domain, as the integral
over the closed contour C; was non-zero. The problem is as follows: it is true that that a
branch of the logarithm F(z) = logz is such that

Fl)= -

4

but it is only holomorphic on the complement of the branch cut. Since our domain contains
a deleted neighbourhood of 0, it has a non-empty intersection with any branch cut we take,
and therefore F is not holomorphic on G. This argument, in particular, holds for the domain
C*.

The function f(z) = cosz is entire on C, so is F(z) = sinz. Moreover F'(z) = cosz = f(z),
so f has an antiderivative on C. So, for instance

7Ti
/ cosz dz = sin 7ti — sin0 = sin 71
0

Although f(z) = 1/z has no antiderivative on any domain containing a deleted neighbour-
hood of 0, we can integrate f over a circle C by using two different antiderivatives.

Let C; be parametrised by z(t) = e, t € [~71/2, /2], a contour from —i to i.

i

On C\ Rgy, f(z) has an antiderivative, namely the principal branch of the logarithm
Logz =1In|z| +iArgz, —-m<Argz<m

Then, by Theorem 3.6.4

1
~dz = Logi— Log(—i
/(:12 z = Logi — Log(—1)

= (In]i| +iArgi) — (In|—i| + i Arg(—i))

- (1n1+z§)—(1n1—i§)

= 711
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Let C; be parametrised by z(t) = ¢, t € [rr/2,37/2], a contour from i to —i.

@)

On C\ Ry, f(z) has an antiderivative, namely the following branch of the logarithm
logz =1In|z| +iargz, 0 <argz <2m

Then, by Theorem 3.6.4

1
—dz =log(—i) —logi
/Cz 5 % og(—i) —logi

= (Inl|i| +iarg(—i)) — (In|—i| +iargi)

- (1n1+i32") —(1n1+z§)

= 711
Hence,
1 1 1 . ) .
/fdz:/ —dz+ —dz = i+ i = 27
Gz G Z

3.7. Cauchy-Goursat Theorem

Discussion 3.7.1. The Cauchy-Goursat theorem gives a sufficient condition for the integral of a
function over a simple closed curve to be zero. The theorem has powerful implications, ultimately
it leads to

¢ The Cauchy Integral formula.
¢ The theory of residues for computing contour integrals.
¢ A method to evaluate real-valued functions in a real variable, using contour integration.

Historically, a weaker version of the theorem was first proved by Cauchy. We prove this first.

We first note the following.
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(1) Contour integrals are related to line (or path) integrals. We note this by writing our function
f(z) = f(x+iy) = u(x,y) +iv(x,y) and formally writing dz = dx + i dy. Then formally,

/Cf(z) dz:/c(u+iv)(dx+idy)

_ d—d+'/ dy +vd
/Cux vdy+i | wdy+vdx

(2) Green’s Theorem. Suppose C is a simple closed contour in R? and let R be the region en-
closed by C and including C. If P(x,y) and Q(x,y) have continuous partial derivatives on

R. Then
/de+Qdy / o o8 _//

Theorem 3.7.2 (Weak Cauchy Integral Theorem). Let C be a simple closed contour, and let R denote
the region consisting of C and its interior. If f is holomorphic on R and f' continuous on R, then

1) iz =

Proof. If f(z) = u(x,y) +iv(x,y) is holomorphic on R, then the Cauchy-Riemann equations hold,
and so uy = vy and uy = —vxon R, and f'(z) = uy +ivy = vy —iuy,.

Since f "is continuous, so are iy, Uy, Ux and vy. Hence,

dz = [ wdx—ovdy+i [ udy+od
/Cf(z)z o uax vy+zcuy+vx

= // —uy) dA+i // —vy)dA, by Green’s theorem

=0, using Cauchy-Riemann equations ]

Goursat was the first to prove that the assumption on the continuity of f’ can be omitted. This
turns out to be essential for the theory of holomorphic functions. The problem is that it may be
difficult to prove the derivative of holomorphic function is continuous.

Theorem 3.7.3 (Cauchy-Goursat Theorem). Let C be a simple closed contour, and let R denote the region
consisting of C and its interior. If f is holomorphic on R, then

IRELE

Proof (skipped in class). For simplicity, we will assume C is a square. The idea is to “divide and
conquer"”. We break the curve into a finite number of smaller squares on which we can estimate
the integral. We first construct a sequence of positively oriented curves S*), each of which is the
boundary of a square region R(¥).

To begin with, set S0 = C. Then, inductively, after the first k squares have been chosen, we
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define (k + 1)™ square as follows. Divide S®) into four congruent squares with positive orienta-

tion: Sgk), Sgk), Sék), Sik).

sk
¢ k) sk
2 1
A
Y
4 _ _ 1
~ ~ A
Y
A
Y
(k) (k)
" 53 S4 /

Note that the integral of f along the shared boundaries of these squares cancel. Hence,

4
Y [ S 2= [ )2
We choose S+1) to be one of the squares S](k) such that

[ £2) 82

At this point, we have a sequence 5(¥), ..., 5%, . .. Note that, by triangle inequality

S(k+1) f(Z) dZ

4
max /s}”f(z) dz

4
/S<k)f(z) dz| < 1:21: /s}“f(z) dz| < 4 5(k+1)f(z) dz
So, inductively we get
L@ =] r@a <[ e ()

We record some more facts. Denote by d) the length of the diagonal of the n" square S and
denote by P(") its perimeter. Then,

1
d o d

p(ﬂ) p(O)

1
o’
Also, d), p(”) — 0,as n — oo.

Next, consider the associated sequence of regions

R=ROSRO>...oRK ...
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Each R is compact (closed and bounded) and hence, using a fact from topology, there exists a

unique point
Zp € m R(l)

i=0

Since zp € R =R, f is holomorphic at zg. So, we define the following function on R

£(2) = f(z0)
TOREIERE

0 ifZ:ZO

—f(z0) ifz#z

and we note

lim ¢(z) = f'(z0) — f'(z0) = 0 = 9(z0),

Z—2Z0

and therefore 1 is continuous at zy. We can write

f(z) = f(z20) + (z = 20) (¥(2) + f'(20)) = f(20) + f'(20)(z — 20) + $(2) (z — 20)

Note that f(zo) and f'(z0)(z — zo) have antiderivatives on C, hence, by Theorem 3.6.4, we have

/f dz-/ fzodz+/ ' (20)(z — 2o dz—l—/n

—0+0+/ Z—Zo)d

—/ )(z —z0) dz

)(z —zp) dz

Consider ¢ > 0. Since ¥ is continuous at zyp with ¥(z9) = 0, choose § > 0 such that

if |z—2zp| <, then |P(z)| <e

Since d™) — 0, as n — oo, we choose an N € Z- such that |[d")| < § for every n > N. Thus, if
z € SN, then |z — zo| < |[dN)| < & and therefore |1(z)| < ¢ for every z € S(N). Hence,

max |z —zo| <d™) and max lp(z)] <e
zeS(N) zeS(N)

= ‘/SUW P(z)(z — z0) dz

< max |¢(z)] |z — 2o - L(S™)
zeS(N)

<e-dN) . L(SN)

Hence, we obtain
z) dz
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By (x), we have
<4V

/C f(z) dz '/S(N)f(z) dz

< 4N 4LN FUMOR

_ 4050

Since ¢ > 0 is arbitrary, we necessarily get that

| @

<0

Thus,
/C f(z)dz=0

3.8. Simply Connected Domains

Definition 3.8.1 (Simply Connected Domain). A domain G is called simply connected if it has the
following property: if C is any simple closed contour lying in G and z is interior to C, then z € G.

Intuitively, a simply connected domain is a domain that has no “holes".
Open disks, complex plane, interior of any simple closed contour etc. are all examples of simply

connected domains. While deleted open disks, C\ {p} etc. are examples of non-simply connected
domains.

A result similar to Theorem 3.7.3 holds for closed contours, not necessarily simple, provided they
lie in a simply connected domain.

Theorem 3.8.2 (Cauchy-Goursat Theorem for Simply Connected Domain). Suppose f is holomorphic
on a simply connected G. If C is any closed contour lying in G, then

/Cf(z) dz =0.

Proof. We are presented with two cases: C has finitely many self-intersections, or infinitely many
self-intersections. Let’s focus on the first cases, where the proof is a consequence of Theorem 3.7.3.
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Suppose C has n-many self-intersections, then those points of self-intersections allow us to write
C=C+C+ - +Cup,

where each C; is a simple closed contour that all, necessarily, lie in G.

Therefore f is holomorphic at each point interior of and on C;, hence by Theorem 3.7.3 we get

/Cif(z)dz:O

Finally, we have

as claimed.

The proof in the case the contour has infinitely many self-intersections is subtle , so we assume
validity without a proof. O

Corollary 3.8.3 (Antiderivatives of Holomorphic Functions). If f is holomorphic on a simply con-
nected domain G, then f has an antiderivative on G.

Proof. By Theorem 3.8.2,
z)dz=20
L £

for any closed contour C lying in G. By Theorem 3.6.4, this is equivalent to f having an antideriva-
tive on G. O

Corollary 3.8.4 (Entire Functions have Antiderivatives). Suppose f is entire, then f has an antideriva-
tive on C which is necessarily also entire.

Proof. C is simply connected, the result follows from Corollary 3.8.3. O

3.9. Multiply Connected Domains

Definition 3.9.1 (Multiply Connected Domain). A domain G is called multiply connected if it not
simply connected.

We can generalise Theorem 3.8.2 to a multiply connected domain with finitely many holes.
Theorem 3.9.2 (Generalised Cauchy-Goursat Theorem). Suppose that
(1) C is a simple closed positively oriented contour.

(2) Cy,...,Cy are simple closed negatively oriented contours enclosing regions Ry, ...,R,. Further
assume that the regions are pairwise disjoint and interior to C.
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If f is holomorphic on each contour and the region consisting of all points interior to C but exterior to each
C;, then

/Cf(z)dz+i)i:{/qf(z)dz:0

Proof. We prove this using induction.

Base Case. n = 1. Assume C and C; are contour satisfying the hypotheses. Let z1, zp be points
on C while w;, w; be points on Cj. Join z; to w; with a polygon line Ly, and also join z; to w, with
a polygon line L.

Define contour I'y and I'; as follows.

I'y: Start with z; and follow to w; along Lj, then w; to w; along C; (we'll call this Cy1), then w;
to zp along Ly, and finally z to z; along C (we’ll call this C’). So,

I=Li+Cn+L+C

I'p: Start with z and follow to wy along —Lj, then w; to w; along C; (we'll call this Cyy), then w,
to z1 along —L4, and finally z; to z; along C (we’ll call this C"). So,

I[p=—Ly+Cip— L1 +C"

Wenote C' + C"” = Cand Cy; + Cp = C.
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Then f is holomorphic in the interior of and on the simple closed curves I'; and I';, so by The-
orem 3.7.3 we have

/rlf(z)dz: r2f(z)dz:0

So, this gives us

O:/r f(z)dz+ sz(z)dz

= (/Llf(z)dz—l—/cnf(z)dz+/L2f(z)dz—i—/C/f(z)dz>

+ <—/L2f(2) dz+/clzf(2) dz—/Llf(z)der/Cﬁf(z) dz)
:/c’f(Z> dz—i—/cﬁf(z)dz—i—/cnf(z) dz+/(:12f<z) dz

= [f@ =t [ f)de

Inductive Step. Assume the statement holds for n = k, that is

k
/ﬂ@ﬁ+2/f@ﬁzo
= i=17Ci
for any k-many contours satisfying the hypotheses.

Now, let Cy, ..., Ck, Cx41 be any k + 1-many contours. Introduce a polygon line L that separates
Ci,...,C from Cy, 1, say with end points z; and z>. We define I'; and I'; as follows.
I'y: Start with z; and follow to z; along C (we’ll call this C’), then z; to z; along —L. So,

I =C —L

I';: Start with z; and follow to z; along L, then z; to z; along C (we’ll call this C”). So,

FZZC//+L

We note C' + C" = C.

Bhamidipati 82 MATH 103A | Spring 2023



We note that
/rlf(z)der/rzf(z)dz: </C’f(z)dz_/Lf(Z)dz>+</c~f(z)dz+/Lf(Z)dz)

:/C,f(z) dz+ [ fz)dz

= [ @) (1
By the inductive hypothesis
k
/ f(z)dz+2/f(z)dz:0 (1)
I i=1 C;
and by the computation in the base case we have
| f@dz+ [ f@rdz=0 )
I Crs1

Adding (1) and (2) and using (1) we have

k+1

0:/Fl f(z)dz%—;k;/(jif(z)dz%—/rz f(z)dz+/cmf(z)dz:/Cf(z)dz%—;/qf(z)dz

Thus, we have proved our result using the principle of mathematical induction. O

Corollary 3.9.3 (Principle of Deformation of Paths). Suppose Cy and C, are positively oriented simple
closed contours with Cy interior to Cs.

If f is holomorphic on the region consisting of C1 and Co and all the points between them, then

dz= [ fz)d
. f@ iz = [ fe)az
Proof. Applying Theorem 3.9.2 to C; and —Cy, we get

dz + / dz = 0.
sz(z) z 7C1f(z) z
[herefore,

/le(z)dz:/czf(z)dz -
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Among other things, the principle of deformation of paths is useful for integrating over compli-
cated contours. Often, we can just replace this contour with a circle.

Example 3.9.4. Let C be any simple closed contour whose interior contains 0. We show that
1
—dz = 271i.
cz

Since 0 is interior to C, we can choose an ¢ > 0 small enough such that C; = C,(0) is contained in
the interior of C. The region containing C and C, and points between them does not contain 0, so
1/z is holomorphic there. By Corollary 3.9.3,

/Cf(z) dz = Cef(z) dz

27 1 . 27
:/ @ieltdt:/ idt = 2mi
0 0

Definition 3.9.5 (Singularities). Suppose f is not holomorphic at zy, but every neighbourhood of
zo contains a point at which f is holomorphic, then z is called a singular point (or singularity) of f.

. _~_ fisholomorphic here

A -~ fisnot holomorphic here

Example 3.9.6.
(1) f(z) = % has a singularity at 0.

(2) f(z) =z ]2 has no singular points, as f is only differentiable at 0 but is nowhere holomorphic.

z2+3 . iy
3) f(z) = GE219) has singularities at those z where
(z+1)(z> +5) =0.

That is, at —1, i/5 and —i/5.
Remark 3.9.7. More generally, the generalised Generalised Cauchy-Goursat Theorem (Theorem
3.9.2) and its Corollary 3.9.3 provide a technique for integrating functions over contours whose

interior contains singularities of that function. The idea is to introduce small circles around the
singular points, and apply the theorem (or corollary). It is usually easy to integrate over a circle.
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3.10. Cauchy’s Integral Formula

Discussion 3.10.1. Cauchy’s Integral Formula is a remarkable theorem. It asserts that if a func-
tion is holomorphic inside and on C, a simple closed contour, then its values interior to C are
completely determined by its values on C.

Theorem 3.10.2 (Cauchy’s Integral Formula). Let C be a simple closed contour, with positive orienta-
tion, and let f be a function that is holomorphic at all points on and interior to C. The for any zo € int(C),

we have .
1 e,

C2miJe z— 2o

f(z0)

Proof. Our strategy is to show that for all ¢ > 0, we get

Mdz—f(z) - 2711

Cz—2

< €

because then
z .
&dz—f(z) 2mi =0
cCzZ—20
Let ¢ > 0, and since, by assumption, f is holomorphic on z, it’s continuous on zy. So, there exists

a ¢ > 0 such that .

if |z—z9| <4, then |f(z)—f(zo)|<ﬁ

Let o > 0 be small enough such that the circle C, = C,(zo) centered at zq of radius p lies in the
interior of C; assume Cp has positive orientation.

@

We may assume p < J, then for every point z € C,, since |z — 29| = p < J, we have

£(2) = f(z0)] < 5 therefore max|f(z) — f(z0)| < 5

Now, note that
f(z)

zZ— 2

is holomorphic on the region consisting of C, C, and all points that are interior to C but exterior
to C,. So, by Corollary 3.9.3, we have

Mdz: f(z) dz

cz—2p C, Z2—20
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and then

i Zf_(ZZ)O iz~ f(a) 2| =| [ Zf_(zz)o ~f(z)-2ni
f(2) 1
= sz_zzo_f(z)/cpz_zodz‘
| [ L=t
C, Z—20

and the claim follows. O

Among other things, Cauchy’s Integral formula is useful for computing integrals.

Example 3.10.3.

(1) Let’s compute /C z(;;)j—ZZ) dz, where C is the unit circle, positively oriented.
Consider cos 2
f2) =270

Then f is holomorphic on all points on and interior to C, as they don’t include +2i and 0 is
in the interior or C. Therefore, by Cauchy’s Integral Formula (Theorem 3.10.2) we have

cosz B flz) . . o
/Cz<zz+z>dz_/cz_0dz—2m-f(0)—m.

72

(2) Let’s compute / 1 dz, where C is a positively oriented circle with radius 2.
C

Consider f(z) = ¢, then f is entire, and therefore holomorphic on all points on and in-
terior to C. Therefore, by Cauchy’s Integral Formula (Theorem 3.10.2) we have

2

eZ
= 27mif(1) = 2rrie.
/cz—ldz 27mif (1) Ttie
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241 241
(3) Let’s compute /C ; t 1 dz = /c (z—Zl)—(Fz—kl) dz, where C is as follows

The contour C is not simple but it can be decomposed as a sum of simple closed contours
C=C-C

So,
2241 22 +1 2241
S Y I
c (z=1)(z+1) ¢ (z=1)(z+1) ¢ (z=1)(z+1)
For C;, consider s
z-+1
&=

then f is holomorphic on all points on and interior to Cy, as they don’t include —1, and 1 is
in the interior or C;. Therefore by Cauchy’s Integral Formula (Theorem 3.10.2) we have

22 +1 () ,
——dz = 2 tdz =2mi- f(1) = 27
e erm Ll A )
For C,, consider
()_zz+1
8§V =1
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then g is holomorphic on all points on and interior to C;, as they don’t include 1, and —1 is
in the interior or C,. Therefore by Cauchy’s Integral Formula (Theorem 3.10.2) we have

2 +1 8(2) | |
/cz(z—l)(erl)dZ_ o,z 1dz=2mg(-1) = —2mi
Hence,
22 +1 22 +1 241 ‘ . |
L e A
/C(Z—l)(Z—’—l) 4 G (Z—l)(z+1) z C (Z—l)(z+1) z 7-[1_|_ 7Ti T

Theorem 3.10.4 (Generalised Cauchy’s Integral Formula). Let C be a simple closed contour, with
positive orientation, and let f be a function that is holomorphic at all points on and interior to C. The for
any zo € int(C), we have that f")(zg) exists and

f(n)<ZO) — }’l'/ f(Z) dz

27mi Jo (z —zp)"t!

Proof. We prove by induction, with the base case n = 0 being just Theorem 3.10.2. Assume the
statements holds for n = k, we need to prove that

£ (20) = lim O (zo 4+ h) — f9(zo) _ <k+1)!/ f(z)
c (

h—0 h 2711 7z — zo)(k+1)+1

We assume |/ is small enough such that z + 1 € int(C), then by the inductive hypothesis

=SB,

27mi Jo (z— (zo + h))k+1

f(k)(zo):k!./< f(Z> dz

2mi Je (z — zp)kt!

Recall the algebraic identity, that for a, b € C we have

d T = (g —b)(a* + a4 abh T ),

1 1
We will apply this to s = ——— and b = ——, and we also note lim;,_,pa = b. Then,
z—zo—h zZ — 2

lim fO(zo + h) — FB)(z0)
h—0 h

lim / f(z2) 1 B 1 iz
h—>0 Zm (z—2zg—h)k1 (2 —zp)kt1

lim /f LI (@ +a b+ 4 ab T 4 ) dz
iHOZm z—zo—h z—2z

1) f koo k=1p 4 ... k=1 | 1k
h—>027‘(1/ Z—Zo—h)(z—zo) (a +a" b+ + ab —I-b)dz
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= fim /C<( f(z) )(ak+ak_1b+---+abk_1+bk)dz

no0 27 z—2z9—h)(z— 20)

k! . f(z) k| k-1 k—1 | 1k
-2 [ b+ +abk ' 65 d

Zni/chlgcl) <(z—zo—h)(z—zo))(a +a ot +5)dz

_ kb L V(B b D 0 dz
(@) bt

27 z—129)?

—k!/c S@ 1) iz

~2mi Je (z—z0)?2

(S T W

27 (z—20)% (z—2z0)k

GRS L [ N,
c {

2711 7 ZO)(k+1)+1

Thus we have our result by the principle of mathematical induction. O

Example 3.10.5. Compute the integral

1 /C(1+Z)ndz

27ti zk+1

where C is any simple closed positively oriented contour whose interior contains 0 and 0 < k < n.

Let f(z) = (14 z)", since f is entire, f is holomorphic on all points on and interior to C. Since 0 is
in the interior of C, then generalised Cauchy’s Integral formula (Theorem 3.10.4) gives us

SR U U ) PR o (Y B U o L N (S
Zni/c &1 =g <27rz'/c (z —0)kt1 )=/ (0)

Oy =nn-1)---(n—(k—1))(1+2)"F,

We have,

and therefore

OOy =nn—-1)---(n—(k—1)) = (n _.k)[

1 (I+2)" 1y n! _(n
%/c w1 Ee g O =mn e

Theorem 3.10.6 (Derivatives of Holomorphic functions are Holomorphic). Suppose that f is holo-
morphic at zg € C, then foralln € Z~, f () is also holomorphic at z.

Hence,

Proof. Suppose f is holomorphic at zg € C. Choose an open disk D;(zg) on which f is differen-
tiable. To conclude f’ exists and is holomorphic at zo, it’s enough to find a neighbourhood of zg
where f”(w) exists for all w in that neighbourhood. Let C be the positive oriented circle of radius
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/2 centered at zo, then f is holomorphic on all points on and interior to C. So, by generalised
Cauchy’s Integral formula (Theorem 3.10.4),

27 Je (z—w)

for any w in the interior of C. Thus, f’ is differentiable in the open set D, /»(zo), and hence f’ is
holomorphic at zy. Induction then gives us that f(") is holomorphic at zq for any n € Z-y. O

Corollary 3.10.7. If f(z) = u(x,y) +iv(x,y) is holomorphic at z = x + iy, then u and v have continuous
partial derivatives of all orders at (x,y).

Theorem 3.10.8 (Morera’s Theorem). Suppose f is continuous on a domain G. If

| redz=

for every closed contour C C G, then f is holomorphic on G.

Proof. By Theorem 3.6.4, there exists a holomorphic function F : G — C such that F'(z) = f(z) for
all z € G. But by Theorem 3.10.6, F’ is holomorphic on G, and therefore so is f. O

Remark 3.10.9. When G is simply connected, Morera’s theorem (Theorem 3.10.8) is just the con-
verse of Cauchy-Goursat Theorem for simply connected domains (Theorem 3.8.2).

Theorem 3.10.10 (Cauchy’s Inequalities). Suppose that f is holomorphic on all points on and interior to
Cr = Cr(z0), a positively oriented circle of radius R centered at some zo € C. Then,

F"(20)] < 2 max |f(2)]

ZECR(Z())

Proof. By Theorem 3.10.4,
[
R
R

27 Jog (z — zo)"H!
Hence,
) (z0)] = | 2 / iGN / _fz)
f* (=)l 27i Jog (z —zp)"t1 dz 2mi |Jeg (z —zp)" ! dz
! f(2)
< — AR VA
S o 2 | ozt MW
_n f(2)]
= 277_”2161%2( R -27tR
ﬁ max |f(z)] .
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3.11. Liouville’s Theorem and the Fundamental Theorem of Algebra

As an application, we will prove that every non-constant polynomial with complex coefficients has
a root in C. In the language of algebra, we will provide a proof for the fact that C is algebraically
closed. Thus, the the statement is “purely algebraic" while no “purely algebraic" proof exists. The
proof relies on the following wonderful theorem.

Theorem 3.11.1 (Liouville’s Theorem). Every bounded entire function is constant.

Proof. We show that f'(z) = 0 for all z € C, then it follows that f is constant since C is a domain
by Theorem 2.7 4.

Consider any zp € C. Since f is bounded, we can find a M > 0 such that |f(z)| < M for all
z € C. Let Cr(zo) be a circle of radius R centered at zy, then f is holomorphic at all points on and
interior to Cr(zo). Hence, by Theorem 3.10.10,

1
"(z0)] < = max z
)] < & _max [£02)

<%—>0, as R — oo

Thus | f'(z0)| = 0, giving us f'(z9) = 0. Since z was arbitrary, the result follows. O

Theorem 3.11.2 (Fundamental Theorem of Algebra). For any polynomial p(z) = ap +az+--- +
a,z" where a, # 0, a; € Cand n > 1, there exists an « € C such that p(a) = 0. That is, every
non-constant polynomial p(z) has at least one root in C.

Proof. Suppose otherwise that p(z) has no root in C, then p(z) # 0 for every z € C. Hence 1/p(z)
is an entire function. We show that 1/p(z) is bounded.

For a non-zero z € C, consider the complex number

ap a Ap—1
w, = — —|— e +
B ogn T ogn-1 z

Note that p(z) = (w; + a,) z", and by triangle inequality we have

ao| | |a] =
] < 0y A ety
SRNFTRNwTE ER
For each 0 < k < n — 1 we note that |a;_|k — 0asz — oo.

2]

|2

Then, for ¢ = > 0, we can find an R > 0 such that whenever |z| > R, we get

|ag |

_ |an|
|n—k - 9y

2n

la]

|n_k 0l <e=

|z |z
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forany k =0,...,n — 1. This then gives us

Vel e [@n| _ [an]
D I B R
=0 |z|" =y 2n 2n 2
Now, by the reverse triangle inequality we have
[anl| _ lax]

|@n A w2 | 2 [|an] = || >

Thus,
Ip(2)] = [(w: +an) 2"

= |w; + a,| |2"] > MR”

2
Therefore, for any z € C such that |z| > R, we have
’ 1 2
p(z)| ~ R"|an]

So, 1/p(z) is bounded outside the closed disk Dg(0).

Now, the closed disk Dg(0) is compact (closed and bounded) and 1/ p(z) is continuous on Dg(0).
Hence 1/p(z) is bounded on Dg(0) by Theorem 2.4.7.

Thus, 1/p(z) is bounded on all of C. Hence, by Theorem 3.11.1, 1/p(z) is constant, and there-
fore so is p(z). We have arrived a contradiction, since p(z) was non-constant by assumption. [

Lemma 3.11.3 (Maximum Modulus Principle). Suppose that |f(z)| < |f(zo)| at each point z in a
neighbourhood Dy (zg) where f is holomorphic. Then f(z) = f(zo) on D¢(zo). That is, if a holomorphic
function on an open disk achieves its maximum on it, then it is constant on the open disk.

Proof. Letz; € De(zo) such thatzy # zg. Set p := |z1 — zo| > 0, and consider C, = C,(zo), the circle
of radius p > 0 centered at zp, which is interior to D¢(zp). We parametrise C, as z(t) = zp + pe"
for0 <t < 2m.

/’ -~
s\ ~
\ \
/ Ty \
| |
\ J
\ /
N\
N /
~ S
\\ /
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By Theorem 3.10.2,

_ | fz) | _ 1 f(2)
|f<20)‘—’zm- sz_zodz‘—zn o™
_ 1 faotpet)
=571/, sze dt
_ L (zo + pe'') dt
- 27T 0 f 0 p
<1/2n| (z0 + pe')| dt
B 7 0 f 0 1Y
1 27
oL .
S5 /0 |f(zo)| dt, by assumption
< |f(20)]
This tells us that .
_ it
Fleo)| = 5= [ F(zo+pe")] i (t
1 27
Since, f(zp) = E/ |f(zo)| dt. Rewriting (1), we have
0

o [ 10l = 1f o + o) di =0

By assumption |f(zo)| — |f(zo + pe™*)| = 0; suppose | f(z0)| — |f(z0 + pe*)| > 0, then necessarily

1
27

27 .
| 1)l = 1o+ pe) dt > 0 (%
since the integrand in (*) is continuous in the variable ¢, giving us a contradiction. Thus,

£ (z0)| = |f (z0 +pe™)| = 0

Therefore |f(z)| = [f(zo)| for every z € Cy(zp). Varying the radius p > 0, we may then obtain
|f(z)| = |f(z0)]| for every z € De(zo).

Thus, |f] is a holomorphic function on D (z), and thus by Corollary 2.7.7, we have f is constant
on D,(zp) and f(z) = f(zo) for every z € D,(zo). O
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A. Problems

Problem 1. Consider the set of matrices

{7 oven)

One can check (and you should if you're unconvinced) straightforwardly that X is closed under
matrix addition and matrix multiplication; thatis, if A, B € X, then A + B, AB € X.

(a) Let C denote the set of complex numbers. Show that the map ¢ : X — C defined by
: r 7Yy ~
p: X —C, <y x)'—>x+zy
is a bijection.
0

(b) Let I = <(1) 1) be the identity matrix. Consider A, B € X, show that ¢ has the following

properties.
(i) ¢(A+B) = ¢(A) +¢(B)
(i) p(AB) = ¢(A)p(B)

(iii) (1) =1

(c) Find a matrix | satisfying J> = —I and show that ¢(J) = i.
Remark A.0.1. This indicates that one could very well define C to be X. The algebraic operations
on C then seem less artificial, since product and sum of complex numbers correspond to the corre-
sponding operations of matrices. Even taking the inverse and modulus is captured by X as taking
inverse and the determinant of matrices. The copy of R corresponds to the set of diagonal matrices

in X. One obtains X by considering the linear operator of multiplying by x + iy on the R-vector
space C with basis 1 and i.

Problem 2. Using the definition of complex multiplication prove that

(2,0) - (x,y) = (ax, ay).
That is, a(x + iy) = ax + iay.

Problem 3. Consider complex numbers z; = (x1,y1) = x1(1,0) + y1(0,1) and z; = (x2,y2) =
x2(1,0) + y2(0,1). Using the identity (0,1)> = (—1,0). Prove that

(x1(1,0) +y1(0,1)) - (x2(1,0) +2(0,1)) = (x1%2 — Y12, X1¥2 + X2Y1),

where the former is computed distributively.
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Problem 4. Prove properties (1) - (7) and (9) listed in Proposition 1.1.6.
Problem 5. Prove that if z;2zp = 0, thenz; = 0or z, = 0.

Problem 6. Show that
(@) Reiz = —Imz;

(b) Imiz = Rez

Problem 7.

(a) Verify that z = 1 £ i satisfies the equation

22 —2z242=0.

(b) Solve the equation
Z4+z+1=0

for z = x + iy by solving a pair of simultaneous equations in x and y.

Problem 8. Let p(z) = az? + bz + ¢ be a polynomial with complex coefficients (a # 0).

(a) By completing the square, show that the solution to p(z) = 0is

—b+Al/?
s —
where A := b? — 4ac is called the discriminant.
Remark. There’s a subtlety with taking roots that we will address later in class.
(b) Consider the polynomial p(z) = iz> — 1
(i) Compute A.

(ii) For the A obtained in (b), compute A2 by solving a pair of simultaneous equations in
x and y obtained by considering the equation

x* —y? +2ixy = (x +iy)* = A.

(iii) Finally, write down the roots of p(z) in the form u + iv.

Problem 9. Suppose C had total ordering that extends the ordering on R, arrive at a contradiction
by comparing i and 0.

Problem 10. Locate the numbers z; + z2, z1 — z2 and z1z2 in the complex plane when
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(@) 21 = 2, 7 = § i © 21 = (—v/3,1), 22 = (v3,0).

(b) z1 = (—3,1), Zy = (1,4) (d) z1 =x1+ iyl, Zy = X1 — lyl
Problem 11. Verify that v/2 |z| > |Rez| + [Imz|.

Problem 12. Letzy # z; € Cand let A > 0.

(a) Show thatif A # 1, then the set of points

1z —zo| = Az —z1] (%)

is a circle of radius R = A |zo — 21| centered at w = z0 — A2y
Az =T

(b) Show that every circle in the complex plane can be written in the form of (%) for some

A>0,A#1andzy # z; € C.

(c) If A =1, show that (%) defines a line. In fact, argue that the resulting line is perpendicular
to and bisects the line segment joining zg and z, by producing the equation of this line as a
subset of R2.

(d) Characterise points on the real (resp. imaginary) axis using (c). That is, find zy # z; € C
such that the points on the real (resp. imaginary) axis satisfy (%) for A = 1.

(e) Consider the map

z—3
M) =15,

For which values of ¢ € R is the image of the circle |z — 1| = ¢ under M a line? What is the
equation of the line when considered as a subset of the plane R??

Problem 13. Prove Proposition 1.2.5 (1).
Problem 14. Prove the properties, other than (5), listed in Proposition 1.2.7.

Problem 15. Prove that z is either real or pure imaginary if and only if z> = z2.

1
Problem 16. Prove that |z| = 1 if and only if Z = o

Problem 17. Follow the steps below to give an algebraic derivation of the triangle inequality
(Proposition 1.2.4 (a))
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(a) Show that
|21 + Zz|2 = (2’1 + Zz)(zl +Zz) = 2z1Z1 + (2122 + lez) + 272».

(b) Argue why L
Z1Zp + 2129 = 2Re(2122) <2 ‘Zl| ’Zz| .

(c) Use (a) and (b) to obtain |z; + z|* < (|z1| + |22/)?. Finally note how the triangle inequality

follows from this.

Problem 18. Letz, w € C.

(a) Prove the formula
|z + w|?* = |z|* + 2Re 2 + |w)|?

(b) Use (a) to deduce the parallelogram law
2+ wf + |z — wf? = 2|z* + 2 |w]?

Give a geometric interpretation of this formula.

Problem 19. Suppose p is a polynomial with real coefficients. Prove that

(@) p(z) = p(2). (b) p(z) = 0if and only if p(z) = 0.

Problem 20. Find the principal argument Arg z when

(@) —i(3+3i)7 L. (b) (1—iv/3)°.

Problem 21. Prove that
argz+argw = {(Argz + Argw) + 2kt : k€ Z}

Combining this with Proposition 1.2.18 we get that Arg zw = Argz + Arg w + 2kt for some k € Z
such that —7r < Argz + Argw + 2kt < 7. That is, to find Argzw, just add Argz and Argw and
then add or subtract a suitable multiple of 27 to get it between —7 and 7.

Problem 22. Prove that for any complex number z, we have Argz = Arg z7l=— Argz.

Problem 23.
(a) Show that if Rez; > 0 and Rez > 0, then Arg(z122) = Argz; + Argz,.

(b) Show that if Rez > 0, then Arg(—z) = —m+ Argz if Imz > 0 or Arg(—z) = 7+ Argz if
Imz <0.
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(c) Using (a) and (b), find an expression for Arg zw for any non-zero complex numbers z and w,
in terms of Argz, Arg w and specific multiples of 7.
Problem 24. Compute the 6 roots of unity, explicitly. Show that the principal 6t
(6 = —w, where w is as in Example 1.3.6.

root of unity is

Problem 25.
(a) Let z € C. Using the principle of mathematical induction, show that the following formula
holds for all integers n > 1
1— n—+1
1+z+zz+---+z”:%

(b) Use (a) to derive Lagrange’s Trigonometric Identity.
2sin((2n+1)6/2)
2sin(0/2) '

n

(c) Ify,...,C, are the distinct nth roots of unity, show that, using (a), Z ¢i=0.

i=1

14 cosf + cos?0 + - - +cos" 0 = 0<0<2m.

(d) We compute the following sum of real numbers
cos z + cos S + cos o7 (1)
7 7 7
(i) Letw = ¢7 . What is Re w and w’? Furthermore, rewrite (t) as
Re(w™ + w™ +w™), forsome0 <a; <7.
(ii) Replacing z by —z in (a), find a formula for
z7 +1
z+1°
Use this to deduce an identity involving w and its powers.

(iii) Using the identity you found in (iii), conclude that

w™ + w4+ w" = 1
1—w

where the a;’s are the numbers you found in (ii).
(iv) Finally compute (1).

Problem 26.

(a) Recall that a set is open if every point of the set is an interior point. Prove thata set U C Cis
open if and only if it does not contain any of its boundary points; that is, U N U = @. Then
deduce that the complement of a closed set is open.

(b) Prove that an open disk D¢(z9) = {z € C : |z — 20| < €} is a domain; that is, a non-empty
open and connected subset of C.

Problem 27. Sketch the sets defined by the following constraints and determine whether they are
open, closed, or neither; bounded; connected. What are their boundaries?
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(@) |z+3] <2 (d) z=1|+]z+1| =2.
(b) Im(z)| < 1. (e) [z—1]+|z+1] <3.
(g 0<|z—1| <2 ) |z| = Re(z) + 1.

Problem 28. Let G be the set of points z € C satisfying either zisrealand —2 < z < —1,0r |z| < 1,
orz=1orz=2.

(a) Sketch the set G, being careful to indicate exactly the points that are in G.
(b) Determine the interior points of G.

(c) Determine the boundary points of G.

(d) Determine the isolated points of G.

(e) G can be written in three diferent ways as the union of two disjoint nonempty disconnected
subsets. Describe them.

Problem 29. For each of the functions below, describe the domain of definition that is understood.

@ f) = © f&)= 55
1
(b) f(z) = Arg (i) @) f(z) = 1—7\2]2

Problem 30.

(a) Write the function f(z) = z° 4+ z +Z + 1 in the form
f(z) = u(x,y) +io(xy).

(b) Suppose that f(z) = x> — y*> — 2y + i(2x — 2xy), where z = x + iy. Use Proposition 1.2.7 (6)
to write f(z) in terms of z, and simplify the result.
(c) Write the function

fE) =2+ (z#£0)
in the form f(z) = u(r,0) +iv(r,0).

Problem 31. Let f : G — C be a complex function, and suppose z is an accumulation point of G.
Show that

Zlgr;()f(z) =wo if and only if zlggo |f(z) —wo| = 0.

Thereby deduce that

Zlgr;;f(z) =wp if and only if }LIIZ})f(Z) = wo.
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Problem 32. Let f : G — C be a complex function, and suppose z is an accumulation point of G.
Show that

if }Ln,;(]f(z) =wy, then zlggo |f(2)| = |wo] .

Hint. Use the reverse triangle inequality.

Problem 33. Let f : G — C be a complex function, and suppose zg is an accumulation point of G.
Writing h = z — zg, show that

zhj?o f(z) =wp if and only if }lllil’(l)f(z +h) = wy.

Problem 34. Compute the following limits and prove your claim by using only the - definition.

(a) lim z (d) lim z%>-1
z— z—1—i

(b) lim z* (e) limz—z
z—1+i z—1

(¢) lim 2° (f) imz +z
z—1 z—i

Problem 35. Evaluate the following limits or explain why they don’t exist.

iz —1 (b) Lm (x+i(2x+y))
T z—1—1

Problem 36. Define 5

f(z) = x4x+yy2 where z = x +iy # 0.
Show that the limits of f at 0 along all straight lines through the origin exist and are equal, but
lim,_,o f(z) does not exist.

Hint: Consider the limit along the parabola y = x?.

-3
Problem 37. Let M(z) = 12_ > Prove that
lim M(z) = — and  lim M(z) = oo
z—00 2 z—1/2 B
Problem 38. Let
az+b

= ard ad — bc # 0.

Prove that

(@) lim M(z) = oo if c = 0.

Z—r00
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a
b) lim M(z) = —and lim M(z) = oo, if 0.
(b) lim (z) ;and lim (z) = o0, if c #
Problem 39. Example 2.3.3 tells us that polynomials are continuous.
(a) Prove that the complex conjugation function ¢ (z) := Z is continuous.

(b) Prove that a polynomial in Z is continuous. That is, prove that a polynomial given as
p(z)=a,z2"+ - -+mz+ay, a;€C,a,#0
is continuous.

(c) Prove that the following functions are continuous by writing them as a sum or product of
polynomials p(z) and ¢(z)

(i) R(z) ==Rez
() I(z) =Imz
(ili) N(z) = |z

Problem 40. Show that the function f : C — C given by

z ifz#0
fz2) =47
1 ifz=0

is continuous on C*.

Problem 41. Consider the function
. 1
f:C"=C z— et

1

Apply the definition of the derivative to give a direct proof that f'(z) = — 2

Problem 42. Find the derivative of the function

az+b
M(z) = cz+d’

ad — bec # 0.

When is M'(z) = 0?

Problem 43. Using Example 2.2.5 as an inspiration, show that f’(z) does not exist for any z for the
functions

(@) f(z) = Rez
(b) f(z) = Imz
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Problem 44. Show that the function f : C — C given by

52
— ifz#0
flz) =4 =
0 ifz=0

is not differentiable at 0.

Problem 45.

(a) Show that a polynomial of degree 1, p(z) = ag + a1z + a2z> + - - - + a,z", where a, # 0, is
differentiable everywhere, with

p'(z) = a1+ 2az + - - - + na,z" !

(b) Furthermore, show that for p(z), as given in (a), we have

fori =0,...,n. Where p(*)(z) = p(z) and p)(z), for i > 0, is the i" derivative of p(z).

Problem 46. Let G be a domain and f : G — C a function that is differentiable at every point in
G. Consider the domain
G'={zeC:z€G}

and the function

ff:G*—=C, z— f(z)
Show that f* is differentiable at every point in G*.

Problem 47. For each function, determine all points at which the derivative exists. When the
derivative exists, find its value. Use Example 2.5.3 as an inspiration.

(@ f(z) =z+1iz
(b) §(z) = (z +i2)?
(b) h(z) =zImz

Problem 48. By definition, a function f : G — C is differentiable at zp € G if the limit
oy i £(2) = f(20)
f'(z0) Zgrzlo Z— 2

exists. Unpacking the limit definition, we see that f is differentiable at zp if and only if for every
¢ > 0, there exists a 6 > 0 such that

f(Z) —f(Z()) _f/(ZO) <e

if 0<|z—2z9| <J, then
zZ—2Zp
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By appealing only to the definition, we show that ¢ : C — C defined by ¢(z) = Z is not differen-
tiable anywhere by completing the following steps.

(i) Let zgp € C and assume that f’(zg) exists. Choose § > 0 according to the definition using
e = 1/2 and write down the resulting statement.

(i) Consider z = zp + 6/2 and conclude from (a) that |1 — f/(zo)| < e.
(iii)) Consider z = zy + id/2 and conclude from (a) that |1 + f'(zo)| < e.

(iv) Using the triangle inequality together with (ii) and (iii), obtain a contradiction.

Problem 49. Define

0 if Re(z)-Im(z) =0,
f(z){ (=) -Im(z)

1 if Re(z)-Im(z) £0

Show that f satisfies the Cauchy-Riemann equation at z = 0, yet f is not diferentiable at z = 0.

Problem 50. Show that when f(z) = x> +i(1 — y)?, it makes sense to write
f'(2) = uy +ivy = 3x°

only when z = i.

Problem 51. Show that f’(z) does not exist at any point if
(@) f(z) =z-%
(0) f(z) = 2x + iny?

Problem 52. Show that f(z) and its derivative f”(z) exist everywhere, and find f”(z) when
@) f(z) = iz+2
(b) f(z) = e *e™

Problem 53. Let f : G — C be a function, such that G C C*, then we can write

f(z) = f(x +iy) = u(x,y) +iv(x,y) or f(z)= f(re®) =u(r,0) +iv(r,6)

Using the fact that x = rcos§ and y = rsin 6 and the chain rule from calculus, write u, and uy in
terms of u, and u,. Assuming f is differentiable, rewrite the CR-equations and f’(z) in terms of
u, and ug.

Problem 54. Prove that the function
f(z) = e’ cos(Inr) + ie % sin(Inr)

is differentiable when r > 0 and 0 < 6 < 27, and find f'(z) in terms of f(z).
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Problem 55. Let f = u + iv be a complex-valued function defined on an open set G C C. Suppose
that the first-order partial derivatives of Re f = # and Im f = v exist and are continuous on G.

(@) Recall thatif z = x + iy, then

z+z zZ—2z

x=— and vy = 5

Treat f = f(x,y) as a function in two real-variables, and formally apply the chain rule in
Calculus to obtain the expressions

S 1LY ma LL(Lai)

9z 2 \ox ay 0z 2\ox a9y
A ety for
(b) Define Erialiye + lax' and similarly for 3y
. . . . Of
Prove that f is holomorphic on G if and only if 55 = 0.

(¢) () If fis holomorphic on G, prove that f'(z) = %

(i) The Jacobian of (x,y) — (u(x,y),v(x,y)) is the determinant of the matrix

o
ox ay
o
ox ay

If f is holomorphic on G, prove that the Jacobian equals |f/(z)|* > 0.

Problem 56. Suppose f is entire and can be written as

f(z) = u(x) +io(y),
that is, the real part of f depends only on x = Re(z) and the imaginary part of f depends only on
y =Im(z).
Prove that f(z) = az + b for somea € Rand b € C.

Problem 57. Suppose f is entire, with real and imaginary parts u and v satisfying

u(x,y)o(x,y) =3

for all z = x + iy. Show that f is constant.

Problem 58. Prove that, if G C Cis a domain and f : G — C is a complex-valued function with
f"(z) defined and equal to 0 for all z € G, then f(z) = az + b for some a,b € C.
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Problem 59. Show that

(a) exp(2 =+ 37mi

) =
(b) exp (2”) \f (1+1)

(c) exp(z+ i) = —expz.

Problem 60. Prove that
(@) f(z) = expzis nowhere holomorphic.

(b) f(z) = expz?is entire. What is its derivative?

Problem 61. Show that
(@) |exp(2z +i) 4 exp(iz?)| < e** e,

(b) [exp(2?)| < exp(z]*).
(c) lexp(—2z)| < 1if and only if Rez > 0.

Problem 62. Find all values of z such that
(@) expz = -2
(b) expz=1+ iv3
(c) exp(2z—1) =1.

Problem 63. Find all solutions to the equation e* — 2i¢? = 1.

Problem 64. Let G C C* be an open set and let f be a function that is continuous on G with the

property
&=z zeG.

Show that f is holomorphic on G.

Remark A.0.2. This shows that a continuously defined logarithm on an open set is immediately
holomorphic.

Problem 65. Find the all possible values of

(a) log(—5) (c) log(v/2 +iV/6)

(b) log(—2+ 2i) (d) log(—ei)
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(e) log(1+1) () log(—v3+1i)

Problem 66. Compute

(a) Log(6 — 6i) (d) Log((1+iv3)°)

(b) Log(—¢?) (e) Log(3 — 4i)

(c) Log(—12 + 5i) (f) Log((1+1)*)
Problem 67.

(a) Show thatif Rez; > 0 and Rez; > 0, then

Log(z1z2) = Logz; + Logzo.

(b) Show that for any two non-zero complex numbers z; and z»,
Log(z1z2) = Logz; + Logzy + 2Nri,
where N € {0,+1}.

Problem 68. Example 2.9.4 (4) tells us that it’s not necessarily true that logz" = nlogz, for n €
Z>O.

Writing z = re!A8%, show that, where n € Z+
g

Argz +2(pn+k)m
n

log(zl/”):ilnr—i—i( ), k=0,...,n—1.

Now, after writing
1 1 A 2
Liogz = Linp i <rg2+q—2) icz,
n n n

show that we have equality of sets

log(z!/") = % log z

Problem 69. Find a domain in which the given function f is holomorphic; then find the derivative
f
(@) f(z) =322 —e*? +ilogz
(b) f(z) = (z+1) Log:
Log(2z — i)
@ fE@="27
(d) f(z) = Log(z* +1)

Problem 70. Find the all possible values of
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(@) (—-1)* () (i)’

(b) 3%/ (f) (ei)V?
(© 1+ (g (-
(d) (1+iv3)’ (h) i/7

Problem 71. Compute the principal value of the given complex powers.

(@ (—1)% (e) i/7
(b) 3%/ () (1+4i)>"
(© 2 @ (S-1-iv3) "
(d) (14iv3)% (h) (1—i)%
Problem 72.

(a) Verify that (z*)" =z" forz # 0and n € Z.

(b) Find a counterexample to the statement: (z*)f = z*f, where z # 0 and a, 8 € C.

Problem 73. Let z* represent the principal value of the complex power. Find the derivative of the
given function at the given point.

(@) 2%/%, z=1+i (© 2%, z=i

b) 21 z=1+iV/3 d) zV%, z=—i

Problem 74. Letz € C.
(a) Prove that |17| is single-valued if and only if Imz = 0.
(b) Find a necessary and sufficient condition for |i”?| to be single-valued.

(c) Find a counterexample to the statement: 17 is single-valued if and only if Imz = 0.
p & y

Problem 75. Express the value of the given trigonometric function in the form x + iy.

(a) sin(4i) (d) sin (% + i)
(b) cos(—3i) (e) tan(2i)
(c) cos(2 —4i) (f) cot(m+ 2i)
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(g) sec (g — i) (h) csc(1+1)

Problem 76. Find all complex values z satisfying the given equation.
(@) sinz =1 (c) sinz =cosz

(b) cosz=4 (d) cosz =isinz

Problem 77. Prove the properties stated in Discussion 2.11.4.

Problem 78.
(a) Prove thatcosz = cosz.
(b) What is Re cosz and Im cos z?

(c) Using the identity e'* = cosz + isin z, prove sinz = sinz and find Re sinz and Im sin z.
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